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ABSTRACT
TIME-DEPENDENT DENSITY-MATRIX THEORY
By

Minzhuan Gong

An extended time-dependent Hartree-Fock theory (TDHF) is formulated from the
BBGKY hierarchy of the equations of motion for density matrices. This theory,
called time-dependent density-matrix theory (TDDM), consists of coupled equations
for the two-body as well as one-body density-matrices. To make numerical calculation

feasible, these density-matrices are expanded in a single particle basis which is the

solution of a TDHF -like equation.

The small amplitude limit of TDDM is studied. It is found that TDDM reduces
to the random phase approximation (RPA), second random phase approximation
(SRPA) and shell model under different approximations. Thus the small amplitude

limit of TDDM is more general than these existing theories.

TDDM is applied to the small amplitude isoscalar quadrupole motions of %0 and
“Ca. It is found that TDDM gives damping widths comparable to experimental
data. It is also found that the higher-order correlations are essential to the damping

of these isoscalar motions.

The fusion reaction of 0 + %0 is calculated in TDDM to study the fusion
window problem found in TDHF. It is found that TDDM gives a threshold energy

of 170 MeV for opening the non-fusion window. This energy is much higher than 54



MeV in TDHF and is consistent with experiments.

The mass fluctuations in damped reactions of 80 + 0 are also studied using
TDDM. Since TDDM determines the time evolution of a two-body density-matrix it
provides us with a microscopic way to calculate the fluctuations of one-body quan-
tities. The results of the theory are compared with those obtained in a transport
model. It is found that the dispersions in fragment mass calculated in the two models
are of the same order of magnitude and much larger than those calculated in the
time-dependent Hartree-Fock theory. The differences between the microscopic theory

and the transport model are also discussed.
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Chapter 1

Introduction

In physics, precisely solving the many-body problem is impossible if the number of
constituents is larger than two. Therefore, many techniques have been developed
to approximately solve the many-body system. In the one-body level, mean-field
approximation has been found to be a good method if the interaction between con-
stituents has certain structure. This method has been used in many areas of physics.
For example, our solar system is assumed to move in a mean field generated by the

Galaxy and mean-field approximation is used to treat the electron gas.

In nuclear physics, mean-field theories have been widely and successfully applied
to various phenomena [Neg 82]. In these theories the nucleons are assumed to move
freely within a mean field generated by the other nucleons. The validity of this
assumption is based on the fact that the mean free path of nupleon is rather long,

The long mean free path is due to the Pauli blocking effect.

Hartree theory was first used to treat the electrons in atoms [Har 27]. After taking
into account the antisymmetrizai{i_on of electron wave function, this theory becomes
the Hartree-Fock theory [Foc 30]. The Hartree-Fock (HF) theory using the Skyrme-
type interaction [Vau 72] is found to be quite successful in reproducing the nuclear
ground-state properties such as radius and binding energy. In the mean-field theories

the occupation probabilities of single particle states are unity below the Fermi level

1



and zero above it. However, recent experimental data show that this picture of nuclear
ground states is too naive; It is found that the occupation number for level near the
Fermi energy is about 0.7 [Pap 89]. To explain this fractional occupation, one has to

go beyond the mean-field theory, i.e. to include the effects of nucleon correlations.

The extension of HF to time-dependent problem is the time-dependent Hartree-
Fock theory (TDHF). This theory has extensively been applied to the deep-inelastic
heavy-ion collisions (DIC) and fusion reactions [Dav 85]. It is found that expectation
values of quantities which are of one-body nature, such as the dissipation of trans-
lational energy and deflection angle, are well reproduced. However, TDHF fails to
give fluctuations of one-body observables. It is believed that this defect of TDHF
is caused by its single Slater determinant assumption. TDHF is a one-body theory
which is inappropriate for calculating two-body quantities. Futhermore, the applica-
tion of TDHF is limited to low-energy collisions. This is because the NN collision

effects, neglected in TDHF, become more important as the incident energy increases.

TDHF has also been applied to small amplitude collective motions in two ways.
The first method is to evolve the system according to the TDHF equation [Blo 79].
The second method is to use random phase approximation (RPA), which has been
shown to be the small amplitude limit of TDHF ([Ber 75]. In both cases, the cenfréid
energies of giant resonances are well predicted but their damping widths are not

produced.

From the above discussions it is clear that to get a realistic description of dissi-
pation and fluctuation in nuclear phenomena, we must go beyond the TDHF. Thus,
the extension of TDHF is a basic problem in nuclear physics. Much work has been

done in this direction [Goe 82].

The efforts to extend the TDHF at present are divided into two main categories:

the first is to improve the mean field theory itself and the second is to incorporate the



NN collision effects into the mean field. The work by Balian and Vénéroni [Bal 81] be-
longs into the first category. They proposed a variational method which optimizes the
size of fluctuation for one-body operators. Numerical calculations [Mar 85, Bon 85]
based on this method show that the fluctuations are much larger than those given
in TDHF. In this category also fall the framework of a mean-field theory proposed
by Griffin et al [Gri 80] and theory by other authors [Kle 80, Alh 81]. These theories

aim at calculating the reaction S-matrix in the mean-field approximation.

In the second category, many theories have been formulated to incorporate the NN
collision effects into the mean-field. In Refs. [Ayi 80, Gra 81, Buc 83, Rei 84, Nem 86]
quantum statistical methods are used to derived the collision term. In Refs. [Or1l 79,
Won 78, Won 79, Toh 85] Green function method [Kad 62] is used. A formalism based
on the time-dependent density-matrix (TDDM) has also been proposed by Wang and
Cassing [Wan 85].

Although many models have been proposed to include the NN collision effects,
because of numerical difficulties only a few applications have been made (except nu-
merical simulations based on semi-classical models [Ber 84] which incorporate the NN
collisions into mean-field). Kéhler [Goe 82] used a relaxation time method to simu-
late the NN collision effects. Wong and Davies [Won 80, Won 83] applied an extended
TDHF derived from Green’s function formalism to the fusion and intermediate energy
heavy-ion reactions. Their results, however, are quite unphysical as will be discussed
in Chapt. 5. Therefore, there exits a gap between the theoretical formulation of
extended TDHF and its real understanding. More realistic applications of extended
TDHF are needed.

In this work we formulate an extended TDHF using the time-dependent density-
matrix formalism [Wan 85]. The main ingredient of this formalism is the BBGKY
hierarchy [Bog 68]. It can be shown that truncation of this hierarchy at the two-

body density-matrix level gives TDHF [Wan 85]. Therefore, it provides us a con-



venient way to include the higher-order terms. We derive our model by truncat-
ing BBGKY hierarchy at the level of three-body density-matrix. We call it time-
dependent density-matrix theory (TDDM). In TDDM, the two-body density-matrix
is expressed as the sum of an antisymmetrized product of one-body density-matrices
and a correlation function. The two-body correlation function as well as one-body
density-matrix are expanded with finite number of single particle orbits; the coefli-
cients are called the two-body correlation matrix and the one-body occupation matrix
respectively. TDDM consists of three equations: an equation of motion for occupa-
tion matrix; an equation of motion for two-body correlation matrix and a TDHF
-like equation providing the single particle orbits. The equation for single particle
orbit is a TDHF -like equation in the sense that the density which appears in the
self-consistent potential now depends on the time-dependent occupation matrix. We
study the small amplitude limit of TDDM and compare it with other existing small
amplitude theories like RPA, second RPA and the interacting shell model. In this
way we explore the physical meaning of the coupled equations for the occupa,tioﬁ
matrix and correlation matrix. Two applications of TDDM are made. The first is
to the isoscalar quadrupole motion, the second is to the fusion and d_eep-inela,stié
heavy-ion collisions. In these calculations the Skyrme-type.intera.ction is used. Iﬁ
the first application, we focus on the damping of isoscalar quadrupole motion and
compare TDDM results with those of TDHF. In tlie second one, we investigate the
small impact parameter non-fusion threshold energy of heavy-ion reactions and the
mass dispersion of deep-inelastic heavy-ion collisions. Since TDDM calculates the
two-body density-matrix explicitly, it is an appropriate model to calculate the fluctu-
ations of one-body quantities. We compare the mass dispersion calculated in TDDM
with those calculated in TDHF. We also compare TDDM results with those given
by a transport model [Ran 78, Ran 79, Ran 82] and discuss the differences between

them.



This thesis is organized as follows. In chapter 2 we derive our model from the
time-dependent density-matrix theory. In chapter 3 the small amplitude limit of
this theory is derived and compared with other theories of small amplitude motion.
TDDM is applied to the problem of isoscalar in chapter 4, and to heavy-ion reactions
in chapter 5. A summary of this work, followed by a discussion of its limitations and

potential extensions are given in the final chapter.



Chapter 2

Time dependent density-matrix
formalism

In this chapter we briefly present the time-dependent density-matrix formalism. We

then derive the model used in this work from this formalism.

2.1 Density-matrix description of many-body sys-
tems

We consider a closed N-body fermion system whose hamiltonian is as follows,

N N
H= ;ho(i) + Zv(ij) (2.1)

where ho(7) is the kinetic energy of the ith particle and v(ij) is a two-body interaction.
The time evolution of the system is completely described by the total wave function

|¥(¢) > which satisfies the time-dependent Schrodinger equation

. 0
zh—a—t[\IJ(t) >= H|¥(t) >. (2.2)

To solve this Schrédinger equation for ]\Il(t) > is impossible except for some few-body
systems. In most cases it is also not necessary to do so since |¥(t) > contains more
information than we need. There are many ways to separate out the quantities which

are of interest without solving the Schrodinger equation completely. Here we present

6



7

a time-dependent density-matrix formalism [Wan 85] which provides a truncation

scheme to separate out the density-matrices of different ranks.
We start with the N-body density-matrix defined as
pn(l) = |¥(t) >< T(t)|. (2.3)
The time development of this density-matrix is given by the von Neumann equation
it = [H, pu, (2.4)

which is equivalent to Eq. 2.2. It is convenient to define the reduced density-matrix

1

pn(l, PR (3 1’, ‘oo ,n', t) = mtn—)!T’r(n.H,m,N)pN, (2.5)
where T'r(nya,...n) is the trace over particles n+1,...,N. The numbers “1,...,n” used

as arguments mean particle coordinates. p,, thus defined is symmetric with respect to
any exchange of pairs (ii') and (j;5') and antisymmetric with respect to any exchange of
i and j'. The equations of motion for these reduced density-matrices can be deduced

from Eq. 2.4. The resulting equations form a set of coupled equations: [Bog 68]
hpy = [ho,p1] + Tr(z){[v, pl},
2 2
i = |3 bl + (sl + Ty { [zv(z's),pa] b
i=1

i=1

i = |

1 J>i

: ho(i),pn} + [i v(ij),an

+T g1y { [g; v(i,n + 1),Pn+1] } )
(2.6)

This set of coupled equations is called the BBGKY hierarchy (named after Born,

Bogoliubov, Green, Kirkwood and Yvon).
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These coupled equations are fully equivalent to equation 2.4 and therefore can
not be easily solved either. In order to solve equation 2.6, it must be truncated at a
certain level. In practice one keeps only the first few reduced density-matrices, usually
the one-body and two-body density-matrices. In this work we follow the truncation
scheme proposed by Wang and Cassing [Wan 85]. They separate the reduced density-

matrix into correlated and uncorrelated terms,

P2 = ASq)(pp) + cs, (2.7)
ps = AS@)(pep + pcs) + cs, (2.8)
and generally
n—1
Pn = AS(n) Z Pn—pCp + Cp. (29)
p=1

In the above equations ¢, is called the n-body correlation‘ function and ¢; = p; = p.
The operator S symmetrizes a product of density matrices with respect to exchange of
all pair indices (ii') and (j;') whereas A antisymmetrizes it with respect to exchange
of single indices ' and j'. The subscript (n) indicates that the operations are carried
out among n particles. The n-body correlation ¢, has the same symmetry properties

as pn. Using the identity [Wan 85]

n-1 n—-1
Pn — Cp = AS(,,) Pn—pCp = AS(,,) Z Pn—pPp, (2.10)
p=1 r=1
Wang and Cassing [Wan 85] derived the equation of motion for the correlation func-

tions from Eq. 2.6. For later use we list the first two equations:

ih(11') = [ho(1) — ho(i")]o(11)
+Try{[o(12) — v(1'2)][p(11')p(22')

—p(12)(21') + es(12, 1'2) 1o, (2.11)
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ihéa(12,1'2') = [ho(1) + ho(2) — ho(1') ~ ho(2')]es(12,1'2")
+v(12) — v(1'2')]es(12,1'27)
+Ho(12) — v(1'2)][p(11)p(22') — p(12")p(21")]
—Tr){[v(13) — v(1'3")]p(11")p(23")p(32')
+[v(23) — v(2'3')]p(13')p(22")p(31")
—[v(13) — v(2'3)]p(12")p(23')p(31")
—[v(23) — v(1'8')]p(13")p(21")p(32")
~[v(13) — v(1'3")][p(11")es(23, 2'3") + p(33")cs(12, 1'2")
~ p(13')c2(23,2'1") — p(23')es(13,1'2)
— p(31')e5(12,3'2") — p(32")e5(12,1'3")]
—[v(23) — v(2'3')][p(22")cs(13, 13") + p(33')ca(12, 1'2")
— p(13')ca(23,2'1') — p(23')cs(13,1'2")
— p(31)e5(12,3'2') — p(32')e5(12,1'3")]
+[v(13) — v(2'3")]p(12')c2(23,1'3")
+[v(23) — v(1'3")]p(21')c2(13,2'3") }ara

+Tr(3){[§ v(i3), ca]}. (2.12)

In the above equation the time dependences of p, c; and cg are implicit. Wang
and Cassing suggested truncating this hierarchy by neglecting the 3-body correlation
function. The resulting equations, Eq. 2.11 and Eq. 2.12 without the last term, form a
closed set of equations for p and c,. It will be shown later that this truncation scheme
preserves principal conservation laws such as energy and momentum conservation.
In general, truncation at the léx‘;el of three-body correlation is compatible with the

conservation laws for two-body quantities as was discussed by Wang and Cassing.

In the following sections we will discuss a further reduction of Egs. 2.11 and 2.12

and clarify the physical meaning of the truncation by comparing it with other existing
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theories.

2.2 Time dependent Hartree-Fock theory

In this section we show that the time-dependent Hartree-Fock theory (TDHF) can

be obtained from a further truncation of the density-matrix hierarchy i.e.

C2=¢Cc3=...=0,
We get a closed equation for the single-particle density-matrix

hA(1Y) = [ho(1) — ho(1')]p(11')

+Tr{[o(12) - v(1'2)][p(11')p(22) — p(12)p(21')]}.

This equation can be written as
thp — [h7p] =0,
where

R*v?

2m

h=—

+ Ulp]
and

Ulelo(1) = [ d20(12)[p(2,2)0(1, 1) — (1, 2)p(2, 1')].

Eq. 2.15 is the TDHF expressed using the density-matrix.

2.3 Time dependent density-matrix theory

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

In this section we will present the framework of the model which is used in this thesis.

We call this model “time-dependent density-matrix theory” (TDDM). Because of the

limit of computer capability it is impractical to solve the coupled equations 2.11

and 2.12 in the three-dimension coordinate space. Therefore, we expand p and c;

using a truncated single-particle basis {¥»}. A convenient basis is the solution of
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a TDHF -like equation. That is to say that the differential equation for the s.p.
wave function has the same form as that of TDHF but the one-body density-matrix
used to calculate the mean-field is that of TDDM. The one-body density-matrix and

two-body correlation function are expanded as

PUL) = CnaabalU(1), (2.18)
a(12,17) = Y Copupta(a(2Ie(1)3(2). (2.19)
afa'f’

Here we call n,g the occupation matrix and Copopr the correlation matrix. In the

above equations all the quantities are time-dependent.

Due to the symmetry properties of p and €2, Nag and Cugqigr satisfy
Mag = mg,. (2.20)
Caﬂalﬁl = Cﬂaﬂlal = C;'ﬁ'aﬂ = —Caﬁﬂlal. (221)

The time evolution of n and C is determined from the equation of motions for p and

3, 1.e. Eq. 2.11 and 2.12,

ihiiapg = Y {Crspr < aclolyé > —Coasye < Yo |v|B6 >}, (2.22)
6o
and
ihé’aﬂalﬂl = Baﬂalﬁ'(t) + Ha a’ﬂl(t) ""' Pa a’ﬁl(t), (2.23)
where
Baﬁa'ﬂ' = Z < AlAzl’Ul/\aA.; >4
ArAzda)s

{(6ars — 103, (832, — maa; Yrrgema, o

—Tar M3y (Oxgar — Rayer)(Er,00 — maye)}, (2.24)
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Haﬂalﬁl = Z < /\1/\2,1)'1\3/\4 >
PYPYPYOW
{8ar, (20 Chagpra, — T8 Cargarn,
=~ Mt Crypra8 — a8 Chyaray )
+882, (22,8 Cargarr, — a0 Carggra,
~ 338 Carsarry — MagarCorgryg)
—xsar(Mar, Cangaing — gr, Carggia,
- nw\zcﬁthﬂ'/\l — g, Cw\dxﬂ')

—6208' (783, Carsarr, — Mo, Cargara,

— Ngy, Caz\aa'z\z — Mg, Oﬂ)\3A2a')}) (2'25)

Paﬂa'ﬂ' = Z < A1A2|UIA3A4 >
A1A2232,

{8a2, 883, Crsgarpr — Capagrs Oryarbia, g
*60!}\1 LW Cf\:v\u!’ﬂ’ - 5.3)\2 Tax, Cf\v\sﬁ'a'

+625am2,8Caprn, + 83,82y Capaa, - (2.26)

In Eq. 2.24 “A” means that the matrix element of the two-body interaction is an-
tisymmetrized. In perturbative expansion with respect to v, B is the first-order
particle-particle (p-p) interaction (Born term), H the higher-order particle-hole (p-h)
interaction and P the higher-order p-p interaction. II; Fig. 2.1, typical diagrams from
each term are shown. In the following section we will show that the basic conservation

rules are conserved in TDDM.

2.4 Conservation laws

A general discussion of the consistency between truncation and conservation laws is
given by Wang and Cassing [Wan 85], which expresses the density-matrix in coordi-

nate space. Here we show that the TDDM equations also conserve the total number
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Baﬂafﬁ/:(Qorn term, first-order P-P correlation)

v
Paﬁa/ﬂ/:(higher-order P-p correlation)

v

H 5415 (higher-order p-h correlation)

c

Figure 2.1: Typical diagrams in each term of Eq. 2.23; the wavy lines are interactions
and the thick lines are two-body correlations.
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of particles, total momentum and energy.

2.4.1 Particle number conservation

The total particle number N is given by

N = T’I‘[p(ll’)h:ll = Z (330 (227)

From equation 2.22 we have the time derivative of N

dN 1
T = 7 2 {Casr < Mlvlaf > —Crpay < aylv| A8 >} = 0. (2.28)
afvyA

Thus the total particle number is conserved.

2.4.2 Momentum conservation

The linear momentum for an A-body system is given by
1 A A
P = —Tr(pap). (2.29)
Al
Because momentum p is a one-body operator the above equation reduces to
P =Tr(pp) =) nanw < N|[p|A > . (2.30)

AN

The time derivative of P is

dP

= 2 S mase < N lA > + Yian < VA >, (231)

AN AN
where h is the mean field hamiltonian. The first term in the above equation can be

written as

3 maw < Nk 5IA >= — [ d1d2{[p(11)p(22) — p(12)p(21)]V10(12)}, (2.32)
AN
where V; means that differential operator only acts on ry. It is easy to see by

exchanging the integral variables that if the two-body potential only depends on the
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relative coordinate then the integral vanishes. Inserting Eq. 2.22 into the second term
of Eq. 2.31 and using the completeness of single particle basis and relation 2.21, the

second term reads

i . 1 .
Zn,\x < /\”pl/\ > = _h Z Caﬁ‘y6 < 76‘[—th1,v(12)]|aﬂ >,
AN R agys

= f d1d2 ¢(12,12)[V;v(12)).

Again we can apply the same argument as above to this equation and show the

integral vanishes, therefore the total linear momentum is conserved.

2.4.3 Energy conservation

The total energy can be expressed as

E= Zl!—Tr{pAH] = Trlpt] + %Tr[pz'v]. (2.33)

We divide this equation into two parts: one contains the correlation function only and
the other has the form of the Hartree-Fock energy. We call them correlation energy

and Hartree-Fock energy, respectively. Eq. 2.33 can be written as
E =FEgr + E orr. (2.34) ‘
The expressions for Egr and E.,,, are as follows:
o 1
Egr = Tr(pt) + -2~T1'[A.S'(pp)v]

» 1
= 2AS XA > +5 < X[U(p)|A >}nax; (2.35)
AA!

E. = %Tr('vcz)

) _
= 3 326 Capys < Y6|v|af > . (2.36)
afy
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With Eq. 2.22, the time derivative of Egp is

. 1 . 1
&w==2h#<XMMM>+§<MWMJW>MM'
AN

1 )
+§Z < /\"U[p”/\ > N
AN

A ].
+ A< NI > 43 < N|UJp]IA > s
AN

= Y eanian, (2.37)
YV

where exy =< A|h|A > and h = { + Ulp]. The time derivative of E.,,, is
. 1 . 1 d
E ... = 3 Z Cagvys < Yb|v|af > +§ Z Cag—ygﬂ < yélv|af > . (2.38)
afvé afys
In the above equation, the first term is zero after inserting the equation of motion
for Copys (Eq. 2.23). In order to evaluate the second term we use the completeness

of the single particle basis and its equation of motion

DN

? _BZ" = hi = ZQ:A"A:) (239)
where €43 =< alk|A >. The resulting equation is
1
o Z Coprs(—€xx < A§|v]|af > —e5) < YAv|aB > tere < v6lv|AB8 >
afyA :

+eag < vélv|ad >).
After re-arranging terms and using Eq. 2.22 we obtain
— Z EAAI'fLA:A. (240)
AN ‘
The total energy is therefore conserved. Since we have used the completeness property
of the single particle basis, the above derivation is not strict if the single particle

space is truncated. In the numerical calculations shown later energy conservation is

violated.



Chapter 3

Small amplitude limit

3.1 Introduction

In small amplitude limit, the equations of motion can be linearized according the
small deviation of relevant quantities (e.g. density-matrix) from their equilibrium
values (or ground state value). The excitation of the system is then the eigenmode
of these linear coupled equations. In this chapter we linearize the TDDM according
to the small deviation of the density-matrix and correlation function, and call the
resulting theory small amplitude TDDM (STDDM). The purpose of this chapter is
to explore the physical meaning of the coupled-equations for p and c;. To this end,

we compare STDDM with the existing small amplitude motion theories such as the

random phase approximation (RPA), the second RPA and the shell model.

3.2 TDDM in small amplitude limit
3.2.1 Ground state density-matrix
First we discuss how to determine the ground state density-matrix p° and correlation

function C3 from the TDDM equations. We expand p° and C? in terms of a HF -like
17
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single particle basis

po(11) = Zﬁnﬂa'ﬁa(l)?ﬁé(l'), (3.1)
Cy(12,12') = ;6 CagrsPal)¥s(2)95(1 )5 (2'), (3.2)

where 1), is the solution of HF equation

h[po]¢a = €a¢a- (3.3)

In the above equations all the quantities are time-independent. In the time indepen-
dent case, it is obvious that the left hand sides of Eq. 2.11 and 2.12 are equal to zero
(ie. p=0and C, = 0). We then substitute the density-matrix and the correlation
function with the expansions Eq. 3.1 and Eq. 3.2. Using the fact that the single

particle basis is the solution of Eq. 3.3, we obtain the following results:

(6p — €a)nggs = r.has.of Eq. 2.22, ' (34)

(€w + €' — €a — 65)Cogg = r.hus.of Eq. 2.23, (3.5)

where the time-dependent coefficients n and C on the right hand side of equations 2.22
and 2.23 should be replaced by the stationary ones n° and C°. Eq. 3.4 and 3.5 are not
sufficient to determine all the elements of ndg and Clgarpr €. the diagonal elements
can not be determined by the above equations. Wé, therefore, need additional con-
ditions. By the definition of reduced density-matrix, we have following four relations

which may provide such conditions,

N = / d1p(11), (3.6)
p(11") PR / d2p,(12,1'2) (3.7)
N _ 1 ’ b
pa(12,12) = —> / d3p3(123,1'2'3) (3.8)
’ N-2/ A% ‘

and
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1
P(1B3,12Y) = s / ddp,(1234,1'2'3'4), (3.9)

where p3, p3 and p, are expressed in terms of the one-body density-matrix and two-
body correlation function using Eq. 2.10. It can be proven that Eqgs. 3.7-3.9 are
sufficient to satisfy the general relation

1
Pn = mTrnH{an}, (3.10)

as long as p, and p,4, are expressed with p and ¢, according to Eq. 2.10. Eqs. 3.7-3.9

can be written explicitly:

p(11) /dZ{p(l2)p(21’) — (12,12)}, (3.11)
x(12,1'?') = % / d3{p(13)c2(32, 1'2') + p(23)cs(13, 1'2")
+ ea(12,32)p(31) + ¢y(12, 1'3)p(32)}, (3.12)
0 = / d4{cy(12,1'4)cs(34,2'3') — 3(12,2'4)cy(34,1'3)
+ ex(12,3'4)cy(34,1'2') — (13, 1'd)cy(24, 2'3')
+ ea(13,2'4)es(24,1'3') — c3(13, 3'4)ca(24, 1'2')
— e2(14,1'3')cy(23,2'4) + c3(14, 2'3')cy(23, 1'4)

+ ¢5(14,1'2')cy(23, 3'4)}. (3.13)
The above equations hold for both time-dependent and time-independent cases.

The expressions of these equations in the single particle basis (either time-dependent
or time-independent) are straightforward, so we do not show them here. It is shown
by Tohyama' that Eq. 3.4-3.5 supplemented by Eqs. 3.7-3.9 give the approximate
solution of the ground state of Lipkin model [Rin 80]. He points out that the condi-
tion that the solution is the energy eigenstate should also be used. Since solving the
Eqgs. 3.4-3.9 for a general case is very difficult, we aésume in the following discussion

that such a solution exists.

LPrivate communication.
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3.2.2 Formalism of the small amplitude limit

In the small amplitude limit p and ¢; can be expanded as

p(1158) = P(11) + (11" 8), (3.14)
c2(12,1'2';t) = ¢3(12,1'2") + g(12,1'2';t), (3.15)
where 7 and g denote small deviation from the ground state. Substituting the above

equations into Eq. 2.22-2.23 and keeping only those terms which are linear in 7 and

g, we obtain the following equations for # and g:

BA1L) = [ho(1) — ho(1')}n(11)
+ Tra{[o(12) - w(12)][p°(11)n(22') + 7(11')0°(22')

— P°(12)0(21) - 9(12)p°(2) + 912,12 )hacary  (3.16)

ih§(12,1'2') = [ho(1) + ho(2) — ho(1') — ho(2')]g(12,1'?)
+ [0(12) — v(1'2)]g(12, 1'2')
+ [v(12) — w(1'2')][p"(11')m(22") + n(11")p°(22")
= p°(12")n(21") — n(12)p°(21")]
— Trie){[v(13) — v(1'3)][n(11")p°(23")p°(32")
£ °(11)n(23)6°(32) + p°(11)°(23"In(32")
+ [v(23) — v(2'3")][n(13")p°(22")0°(31")
+p°(13')n(22')p°(31") + p°(13')p°(22')n(31)]
= [v(13) — v(2'3")][n(12')p°(23")0°(31")
+p°(12')(23)0°(31') + p°(12')p°(23Jn(31")]
~ [v(23) — v(1'3")][n(13")p°(21")p°(32')
+p°(13')n(21')p°(32") + p°(13")p°(21")n(32")]

— [v(13) — v(1'3")][n(11")c3(23,2'3") + 7(33')c5(12,1'2")
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— 1(13')c3(23,21") — 5(23')c3(13,12")
~ 7(31')c3(12,3'2') — 5(32')c3(12,1'3")
+0°(11')g(23,2'3') + p°(33')g(12,1'2")
- p°(13")g(23,2'1") — p°(23')g(13,1'2')
— p°(31')9(12,3'2") - p°(32')9(12,1'3")]
— [v(23) — v(2'3")][n(22')c3(13,1'3") + n(33")cI(12,1'2')
— n(13')c3(23,2'1") — (23')c2(13,1'2")
— 7(31')c)(12,3'2') — 7(32)c3(12,1'3")
+p°(22')9(13,1'3') + p°(33')g(12,1'2')
— p°(13")g(23,2'1") — p°(23')9(13,1'2')
— p°(31')g(12,3'2") - p°(32')9(12,1'3")]
+ [v(13) — v(2'8')][n(12')c3(23,13") + p°(12')g(23,1'3")]
+ [v(23) — v(13")][n(21")c3(13,2'3") + p°(21')g(13,2'3")]}a=s'.
(3.17)

In the same way as we did in Eqs. 3.1-3.2 we expand 7 and g in terms of the single

particle basis Eq. 3.3:

(1l5t) = E;maﬁ(t)%(l)%;(l'), (3.18)
9(12,125t) = 3 Gaprs(t)a(L)va(2)w3(1)5(2"). (3.19)
afyé

We further make a Fourier transformation with respect to time and denote the Fourier
amplitude with the same symbol, i.e. m and G. Inserting Egs. 3.1-3.2 and 3.18-3.19

into Eqs. 3.16-3.17 we reach the final expression for m and G:

(w—eateg)mes = ) {Gspo < aolv|¥8 > —Gosye < yo|v|B6 >

Yoo

[< Y6lvloB >4 n)— < ablvloy >4 ndglmys},



22

(3.20)

(w —€q —€gt+Ey + Eﬂl)Gaﬂalﬂl =
Aaparp!(t) + Boaparpi(t) + Haparp(t) + Pagargi(t),

(3.21)

where

Aaﬁalﬂl = Z {< aAllleZA:! >A ngﬂa'ﬂ'

ALAz2A3

+ < ﬂA1|0|A2A3 >a ngzalﬂl
- < AzAl"U‘a,Aa >A Caoﬁkzﬂ'

— < /\2/\1"0',3'/\3 >a C’gpa.,\z}m,\l,\,, (3.22)

Baﬁalﬁl = - Z < A1A2|'UIA3A4 >A
ArAzAzdg

{manr (8pr, — n?n,)n‘i,a'n‘i,pl

+ (8ar, — ngy, JMgr, 1 i3 g1

— (8ax, = mga, (882, = nga, JMrsarn) g
— (8ax — max, )82, — 1y, )03 i r e
+ Max gy, (Sgar — M3y )(Eri8r — 13, 00)
+ Tigr, Mg (Sxar = M) (Br8r — 13, 1)
- gAlngA,mxaa'(5A4a' - ng,ﬁ')

- ngAlngAz(SAaa' - ngsa')mA4ﬂ'}’ (3'23)

Huﬁalﬂl = Z < /\1)\2|v|/\3/\4 >

A1A2A3A
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0 0
{6aAl(mA3a’CﬂA4ﬁ’A2 - mAaﬁ'Cﬂ)\qa’Az
0 0
- mAia'CA;;ﬁAzﬂ' - mA‘lﬁ'CA:;ﬂa'Az
o G ? .G
+ Ry Garga; — Ny, Goagan,
0 0
R WRICWIWTER SUPH ESW M.
+ 8ga, (M, 5 C° — My, C?
BA ALV arzal, A’ Y3680
0 0
- mA-’ﬂ'Ca/\;a'Al - mA3a'CaA4klﬂ'
o .G 0 G
+ 1y, Garsarr; — Ry, Gargpin,
0 0
= NaypGarsarry — PayarGargrygr)
— 8xgat(Max, C3 — mgy,C2
Asa'\Tlad, g, 810, BAMY aryf'2
0 0
- maA2CﬂA4ﬁ'z\1 - mﬂAZ CaA4A|ﬁ’
+nd, G —ng, G
ad TBALBA; — Ngy, Lar,pa,
0 0
— Nax, Garsin, — Mgy, Gargrgr)
— 5 :(m CO - m, Co
AP BAz alzal Ay aAz BAsal);
0 0
— mga, CaA,a'A, — Mg, CﬁA,A,a'

0 0
+ nga, Garsarn, — Mor, Goargara,

0 0
— Mgy, Gahsa'h — oy Gﬂ«\sha')}’

Paﬂalﬂl = Z < A1A2|UIA3A4 >
A1AzA3),
{6a2:883 Grsrarpr — Gapary6rgarbag
- 8"‘}‘1 Mg, C;\)sha‘ﬂ' - 6ﬂ32ma/\1 C?;A;ﬁ'a’

0 0
+ 63303 Copaa, + 63,8M230Cop 2,

(1) (1]
- 601/\1 Nga, G)\:s Mal'f! — 6532‘"'0:)«1 Gr\4 Asflal

+ 61\3&’ng4ﬁ'Gaﬂh At 6/\4ﬁ’ng;,a'GaﬁA1>\2}'

(3.24)

(3.25)
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Aoporgr comes from the linearization of the mean-field hamiltonian on the right-hand
side of Eq. 2.12. To make the physical meaning of the linearized equations 3.20 and
3.21 transparent, we use the HF approximation for the ground state in the following

discussion. In the HF approximation n4 and C2g ; take the following values:

neg = Gabag; @q = (1, for hole states; 0, for particle states),  (3.26)

Clgys = O. (3.27)
Substituting the above values into Eq. 3.20-3.25, we get following equations:

(w—€ea+eg)mag = Z[ng, < ao|vlyd > —Gusye < yo|v|B6 >]
vyéo

+ Y [< abv|oB >4 aa— < ablv|oB >4 aglm,s,
bo

(3.28)

and

(W —€a — €5+ €ar + €51 )Gapatpr =
[babstatag — anagbaibs] < aflv|a’f >4 (w = 0)

— Z{[bﬂaalaﬂl + aﬂbalbﬂl] < x\ﬂ|v|a',3' >4 Mo
A
+ [b,,aa:a,ﬂ: + aaba:bﬂ:] < a)\lvla'ﬂ' >A mg)

—_ [babﬂaﬂr + aaa,gbﬂ:] < aﬂlleﬁ’ >4 Myyr

-

— [babgaw + aaagba] < aPlv|a’A >4 mag}

+ Z{[l_ Qo — aﬁ] < aﬁlle\)\' > GAAlalﬁl
AN
—_ [1 — Q! — aﬂr] < )\)\'I'vla'ﬂ' > Gaﬂ,\x}

+ E{[baaal — aaba;] < a/\lv|a'/\' >4 Gyﬂ,\ﬂ:
AN
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— [baa,ﬁ: — aabﬂr] < OlAl’vlz\’,B' >4 G,\:ﬁal,\
+ [bﬁaﬁ' - a’ﬂbﬁ'] < Aﬂlle’ﬂ’ >A GaA'a'A

— [bﬁaa: — aﬁb,,:] < /\ﬂlvla'z\' >A Ga,\qﬂr}, (329)
where the first term is for w = 0 only. Eq. 3.28 and 3.29 are the basic formalism of

STDDM based on the HF ground state.

In the following sections we discuss the relation of the STDDM to other existing

theories.

3.3 Random phase approximation

In this section we will show that under certain conditions STDDM can be reduced
to RPA. Before we do that we first present the RPA equations?. In RPA a collective
state is assumed to be the coherent superposition of 1p-1h excitations. Therefore the

excited state can be generated by

In> = Qo> (3.30)
Q:“ = Z(X;‘Va;a,,—l’;alap), (3.31)
pv

where v and p (p and o) denote the occupied (unoccupied) s.p. states, a! (a) is the
creation (annihilation) operator and |0 > is the ground state. The coefficients X,

and Y} are the transition amplitudes. The equation of motion is written as
H, Q1110 >= (B, — Fo)QL[0 > . (3.32)
In the space spanned by 1-ph excitations, we get two equations:?
< 0|[a}a,, [H; QLJ]IO > = wn <0|[a}a,, QL]0 >,

< 0|lala,,[H,QLj0 > = w, < 0|[ata,, QL]I0 >, (3.33)

>There are many ways to derive it. Here we use the so called equation of motion method discussed
by Ring and Schuck [Rin 80].

$We multiply Eq. 3.32 with < 0la}a, and < Olala,, and use the relation < 0|Q}, = 0.
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where w, = E, — Ey. Since the ground state |0 > is difficult to obtain, it is usually
approximated by |HF >. Under this approximation the above equation can be

written in a matrix form:

Au Bu X1 ) _ 1 0 X
(A:I Bﬁ)(n)‘”’(o —1)(1’1)’ (3:54)

where

(XI)PV. = Xpll, (}fl)pv = Iyp, (335)
(All)pv,tm = (e,, - eV)6W6V#+ < pplvlve >4, (3-36)
(Bit)pwop = < pojvlvp >4 . (3.37)

Eq. 3.34 is the usual form of RPA. In the following we will see that the same
equations can be derived from STDDM if we neglect all of the two-body correlation
coeflicients in STDDM. This can be understood from the fact that RPA only takes
into account the 1p-1h excitations. Neglecting the two-body correlation matrix in
Eq. 3.28, we obtain

(w — €a + €p)Map = (aa — ag) Y < ablv|of >4 mys. (3.38)
bo

The above equation immediately yields that Mye = My, = 0 and

(w—e,+e)mu = > {<ppp|ve >4 meut < pofvlvp >4 Mo},
o
(3.39)
(w—e +e)m, = Z{< volvlpp >4 mys+ < vplvlop >4 mg,}.
op
(3.40)

Now it is easy to see that Eq. 3.40 is equivalent to Eq. 3.34. To understand the
relations between (X1,Y;) and (m,,,m,,), let us make the following discussion. Let
|¥(t) > be the time-dependent many-body wave function, i.e. a wave packet, which is

the mixture of the ground state |0 > and excited states |n >, and let us assume that
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the components of the excited states are small. The wave function can be written as
[¥(t) >= e ot (;0 >+ enln > e—‘"’ut) , (3.41)

where {c,} are small quantities and {w,} the excitation energies. To the first order
of the c-coeflicients we have
malt) = < 9()lala l¥(t) >
= ) {ca < 0lala,|n > et 4 ¢ < nlala,|0 > et} (3.42)
my,(t) = < U(t)|ala,|¥(t) >
= Y {ecn <Olala,|n > e ™ttt < nlala, |0 > et} (3.43)

n

The fourier transformation of both quantities are
Mmu(w) = ¢, <0lala,ln >, (3.44)
my(w) = e, < Ola;a,,ln >, (3.45)
So my, and m,, have the meaning of a transition amplitude. As discussed by Ring

and Schuck [Rin 80], X; and Y] also have the meaning of a transition amplitude. The

relation between (Xy,Y7) and (m,,,m,,) is now

(XI)PV = mpv/cn-; (Y'l)pv = mup/cn- (346)
3.4 Second random phase approximation

In the second random phase approximation (SRPA) [Saw 62] 2p—2h as well as 1p—1h
excitations are taken into account. The derivation of SRPA is tedious, so we only

outline one of the derivations, i.e. the equation of motion method [Yan 83].

In the equation of motion method, a collective excitation is still generated by

Eq. 3.32, but the operator Q! has been extended to include two-ph pair excitations.

In the way similar to Eq. 3.33, Q! is defined as

Q:; - Z(X:u ;a'V YZ:/ La‘ﬂ + Z( povi p a’ua'v Yprf;uu v ua’aa’P), (347)
pv

povy
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where p and v denote the hole states, and o and p the particle states.

As in the case of RPA the exact solution of the ground state is very difficult
to obtain, so it is approximated by the HF state when the ground state expectation
values are calculated. Under this approximation the expectation values of some useful

commutations can be quite simply evaluated. The following are a few useful examples,

< Ollala,,alan]|0 > ~ 6unba,, (3.48)
<Ollalay,alan]|0 > ~ —8p0bay; (3.49)
< Ol[aLaf,a,pa,,aLaLa.,ag]IO > & Aeys)(0us8uy) Aag)(85ab08), (3.50)
< Ol[a;ala“a,,,ala},a.,ag]!o > & Aw)(6a08u) A1) (8pv005), (3.51)
< 0|[a}ala,a,, aLaLa7a5]|O > =~ 0, (3.52)

where operator A(4g) antisymmetrize the product with respect to  and 8. For the
expectation values of the commutators between a one-ph pair operator and a two-ph
pair operator we have
< 0|[a} 0w, alat agian]]0 >= 0, (3.53)
if 8# 6,7 and v # §',7".
With the above expectation values we can derive SRPA equations in a way similar

to RPA. Since the final result is the same as that from STDDM, we give the final

expression at the end of this section. In the following we derive SRPA from STDDM.

If we keep only the one-ph amplitude (m,, and m,,) and the two-ph amplitude
(Goprnr and Guuipyr), the basic equations of STDDM will become

(w—e,+e)mu = Y {<ppplvoe >4 meut+ < pojolvp >4 mu,}
op

+ Z < pulvloe’ > Goprpy

ooy

=Y <ppvlve > G, (3.54)
opp
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(w—e +e)m, = Y {<pv|v|po >4 meut+ < ovlvlpp >4 mus}
op

+ Z < V"I'UINIL' > Guu‘pa'

opp!

=Y < advlpp > Gupoer, (3.55)

oo'u

('w —Ep — Ept + €y + eu')Gpp’uu' =

= A< po'Pv|vv' >4 mp+ < pulvlvr’ >4 My}
»

+d {< pp'vlov' >4 Mot < pp'|v|ve >4 My}
o

+ Z < pp'vlad’ > Gogrypr

oo!

+ Y < ppolvr’ > Goprppe

By’

+ Y {< pulvlve >4 Gopu— < pplvlor’ >4 Gopup
uo

+ < up’|v|0'l/' >4 Gp(rup._ < [Lpll'vll/o' >4 Gpayu'}’

(3.56)

and

(w—ev— e + €5+ €p)Gruipp =
=Y {< oV'|v|pp' >4 Mot < volv|pp' >4 My}
o
+ Z{< v |vlup’ >4 mu,+ < vi'lvlop >4 Myp}
"

= < v lvlpp’ > Guupp

npt

=Y < od'|v|pp’ > Guurgor

ool

=Y {<vollop >4 Guiop~ < volv|up' >4 Guype
on
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+ < ov'|v|up’ >4 Guppe— < oV'|vlpp >4 Gupop}.

(3.57)

In the last section we found that the m-coefficient has the meaning of a transition
amplitude. In the same way as for the one-body amplitude we can easily show that

to the first order in the c-coefficient, the G-coefficients are

Gpot = € < Olal,alapa,,rln > (3.58)

Guuipp = ¢ < 0|a:,,a;‘,a,,a,,:|n > (3.59)

(For the meaning of ¢, and |n > refer to the previous section). The relations between
(X,Y) and @ are similar to Eq. 3.46. The full expression of STDDM Eqgs. 3.54-3.57

can also be written in a matrix form using Eq. 3.36, 3.37, 3.46 and the following

notions,
X, = GPPIVVI/Cn’ Y, = Guylppl/cn, (p < p', v < I/’) (3.60)
A12 = Apu,cro"uu'
= AQu(< pp'|v|oo’ >4 8u) — Apory(< pp'lvlve’ >4 8,,), (3.61)
A21 = App’uu',cru
= Apw)(< po'lvlov’ >4 8,4) — A (< pp'lvlv’ >4 6,,), (3.62)
and
Cn = Cpp’W',w’nu"

= (6,, + Ept — €y — 6,,1)6,,0-6”:0.:6,,”6,,1“:
+ < pp'|v|od’ >4 8.8t < pp[o|vr' > 4 8,08 401

— A(ppl)A(uul)A(Ual)A(u“l)(< pp'lvlal/' >4 5¢7'p' MV)' (363)
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The final expression is

Ay By A O Xi X
”Bfl ”Ah 0 “Aiz Y _ Y;
An 0 Cp 0 X |7V x| (3.64)
0 45 0 -cll1 Y,

This form is equivalent to the second RPA of Sawicki [Saw 62], [Dap 65] and also
that of Yannouleas et al. [Yan 83]. The neglect of the interaction in Cy; corresponds

to the Born approximation, and this limit was studied by Ayik [Ayi 85].

3.5 Shell Model

If we keep only the forward one-ph (m,,) and two-ph (G,p.+) amplitudes, we can
reduce STDDM to the shell model in the 1p — 1k and 2p — 2k space. The equation

for m,, is

(w—e,+e)mu = ) <pplolve >4 m,,
op

+ Z < pu['vlaa' > Gov'uy.

aa'p

= < pp'lv|ve > Gooputs (3.65)
opp!

and the equation for G+ remains the same as Eq. 3.56. So Eq. 3.65, together with
Eq. 3.56, can be expressed in the matrix form

X1

All Al2
Xa

A21 022

_ .| X

: (3.66)

3.6 Summary

In this chapter, we discussed the time-independent form of TDDM and derived the

small amplitude limit of TDDM by expanding p and C; about their ground state
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values. The small amplitude limit of TDDM based on the HF state was compared

with existing models. We found that STDDM reduces to

a) RPA if all the two-body correlation coeflicients are neglected;

b) SRPA if we keep only Mpyy Mypy Gpoyy and G,

1pa )
c) and the shell model formalism in 1p — 14 and 2p — 2h space if we keep only the

forward amplitudes My and Gy, .

Thus STDDM is a more general theory than the above mentioned theories for small

amplitude motions.



Chapter 4

Isoscalar quadrupole resonance

4.1 Introduction

Experimentally, a giant resonance is identified with a broad peak in inelastic scatter-
ing. The giant resonance can decay via particle emission as well as coupling to other
complicated states. The width associated with the particle emission is often denoted
as I'T (called the escape width) and that associated with the coupling to complicated

states is denoted as I'! (called the spreading width).

The most commonly used microscopic theory in the study of giant resonance is the
RPA. This theory predicts correctly the centroid energy of giant resonance. However
RPA fails to give a width comparable with experimental value. TDHF has also been
used in isoscaler giant resonance in light nuclei [Eng 75, Blo 79, Str 79, Cho 87]. The
TDHF results are found to be the same as those of RPA. This is expected because RPA
is the small amplitude limit of TDHF. TDHF as well as RPA are one-body theories.
Therefore, they are not the appropriate tools to treat quantities of two-body nature
like the spreading widths. In this chapter we are going to apply TDDM, which takes
into account the two-particle correlations, to the isoscalar giant quadrupole resonance.
We compare TDDM results with those given by TDHF. Because of the limitation of
computational power, we can only apply TDDM to the light doubly-closed shell nuclei

180 and %°Ca.
33
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The isoscalar giant quadrupole resonance (GQR), which is the subject of this
chapter, has a positive parity, angular momentum J = 2 and is usually denoted as

E2*. The experimental centroid energies of the GQR are well described by [Spe 81]
E* = 654713, (4.1)

The strength of the resonance in medium- and heavy-mass nuclei exhausts 50-100% of

the energy weighted sum rule limit. In light nuclei the strength is strongly fragmented.

The hydrodynamic picture of the quadrupole resonance is that of an an oscillating
spherid changing back and forth from prolate to oblate shape. If the excitation has
AT = 0 (isoscalar), then the protons and neutrons oscillate in phase, i.e. they are
compressed and expanded simultaneously. If AT = 1 (isovector), then the protons

and neutrons oscillate out of phase. This picture is illustrated by Fig. 4.1.

Microscopically the giant resonances are often described by the coherent super-
position of single-ph excitations. For example the isoscalar GQR can be described as
the superposition of those 1p-1h excitations which have the same parity and angular
momentum assignment as the GQR. Fig. 4.2 illustrates this situation in a harmonijc
shell model. Since the uncorrelated ph transition crosses two major shells, GQR is a
2hw excitation. This simple picture gives the correct A-dependent of the excitation

energy, i.e. E, ~ A~1/3,

4.2 Small amplitude isoscalar quadrupole motions
of 10 and %°Ca

4.2.1 Description of numerical method

As was discussed in chapter 3, solving the ground state in TDDM is a difficult task. .
In the following applications of TDDM we approximate the initial configuration by

the HF ground state. Fig. 4.3 and Fig. 4.4 show the single particle levels used in
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AT

1

Figure 4.1: Schematic illustration of giant quadrupole resonance.
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Figure 4.2: Quadrupole resonance in the harmonic oscillator shell model.
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the calculation and their initial occupation. The static Hartree-Fock s.p. states are
calculated with the imaginary time step method [Dav 80]. Since we assume complete
spin-isospin degeneracy, each single particle level can be occupied by 4 particles. The
quadrupole excitation is excited in a way similar to TDHF calculation i.e. by boosting

each single particle wave function with a phase factor
Pa(F t = 0) = e T, (7), (4.2)

where coefficient a (with dimension [L=?]) is a parameter determining the amplitude
of the motion and ¢, is the HF single particle state. This phase factor provides a

quadrupole velocity field as can be seen from the nucleon-current density

- ih A

J(@ = %E{(V¢§)¢A—¢3V¢A}

= S )V Yio(6)), (4.9

where we assume that the HF ground state has no current density. If the HF mean-
field doesn’t contain a non-local part, the excitation energy is contained in the kinetic
energy part. Since the total current of HF configuration is zero, we have the excitation

energy corresponding to the boosting as

44

AE = 2: / Erp(F)[Vr?Yao(0)]. (4.4)

To the first order of a, ansatz of Eq. 4.2 corresponds to a sudden acceleration
by a quadrupole field. This can be shown by the following argument. Let h be
the mean field hamiltonian and let us assume that the system is under an impulsive
perturbation

V(#t) = —6(t)ar?kYao(6). (4.5)

The single particle wave function obeys the following equation

in%m(a £) = (h + V(7 O))a(7, £)- (4.6)
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m=0 1 2 3 4
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m= -2 10

Figure 4.3: The numbering of s.p. levels for %0, the thick lines represent occupied
states and thin lines represent unoccupied states.

1s 2s 1p 2p 1d 1f

m =3 19
m =2 15 17
m=1 7 9 11 13
m=20 1 2 3 4 5 6

m= -1 8 10 12 14
m= -2 16 18
m= -3 20.

Figure 4.4: The numbering of s.p. levels for *°Ca, the thick lines represent occupied
states and thin lines represent unoccupied states.
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Integrating the above equation over a small time interval, we obtain
Ua(Ft =0%) = (1 + iar?Yyo(8))éa(7). (4.7)

Thus Eq. 4.7 is equivalent to Eq. 4.2 to first order in a. In our calculation we choose

the value of a in such range that the above derivation is valid.

A detailed general description of the numerical method used in solving TDHF
equation can be found in Ref. [Bon 76, Dav 81]. In this section we only point out the
particular aspect in our calculation. The TDHF equation involves coordinates of three
dimensions. It is reduced to a two-dimensional one by assuming axial symmetry. In
order to reduce the single particle space we assume complete spin-isospin degeneracy.
The effective interaction which provides the mean field is the Bonche-Koonin-Negele

force [Bon 76]
e—IF=/a
¥ —|/a

where to = —497.726 MeVim?, t; = 17270 MeVim®, eV, = —166.9239 MeV fm,

v(7,7) = tb(F — ) + %tgpﬁ(f'-— )+ Vo P + Coulomb,  (4.8)

ag = 0.45979 fm and the operator P = o+ L P, with P, as the space exchange
operator. In calculating the mean field, the spin-orbit coupling is not taken into
account. The most time comsuming part of the numerical calculation is to solve the
equations of motion for ny) and Capag. To make the calculation feasible we use
the residual interaction of a é-function form v = vo63(r — ') with vy = —300MeV
fm®. This value of the strength is so chosen that it gives a) a free nucleon-nucleon
cross section of 40mb in the Born approximation and b) an approximate depth of the
nuclear mean field potential for nuclear matter. Later we will see that this interaction
strength also gives reasonable widths of the quadrupole strength distribution. Eq. 2.22
and 2.23 are solved with the Runge-Kutta method. The space mesh sizes for both
longitudinal and transverse direction are set to be 0.4 fm and the size of time step is
0.25 x 10~?3second. The orthonormal property for s.p. states is well conserved. For

example the deviation of total particle numbers is less than 0.2%.
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The initial occupation coefficients are assigned according to Fig. 4.3 and Fig. 4.4.
To avoid a sudden change in the correlation coefficients during the initial stage, we

calculate their initial values using the Born approximation i.e. the static solution of

Eq. 2.23 with only the Born term.

For the calculation of quadrupole motion, the two-dimensional TDHF program
described in Ref. [Dav 81] is modified to calculate only one nucleus. We implement
a subroutine which solves the equations of motion for n(t) and C(t) (Eq. 2.22 and
Eq. 2.23). Because C(t) is a four-dimension array, this subroutine consumes most of
the total CPU. The number of single particle states used is 10 (Fig. 4.3) for %0 and
20 (Fig. 4.4) for %°Ca. In principle, the total number of elements of C(t) is N&,.,
where wa?t is the number of orbits. Due to symmetries imposed, both n(t) and
C(t) are sparse matrices. The number of non-zero matrix elements of C(t) is about
15 Nawsie- The TDHF code passes the single particle wave functions to this subroutine
at each time step and this subroutine passes the occupation matrix to the TDHF
code. The one-body density is now calculated with the occupation matrix and single
particle wave functions. In the calculations shown later, the number of time steps is
about 600. For a calculation which includes all the terms of Eq. 2.23 each time step

takes about 1 minute CPU in VAX8530 in case of 10 and 5 minutes in case of 4°Ca.

These values are about 70 times of those needed for_ TDHF calculation.

4.2.2 Ground state

The initial HF ground state evolves in time because it is not a solution of TDDM:
Here we discuss the time evolution of the HF state (before being boosted by Eq. 4.2).
The total energy shown in Fig. 4.5 is conserved quite well, indicating the accuracy
of numerical calculation. However, the oscillation seen on the correlation and HF
energies indicates the mixing of various configurations. We call the state as “cal-

culational ground state”. In Fig. 4.7 we show the evolution of the r.m.s. radius of
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Figure 4.5: “Ground state” energies of 80 starting from a pure HF configuration.
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Figure 4.6: Illustration of the three states used to estimate the true ground state of
180, thick lines represent the occupied levels and thin lines represent the unoccupied
levels.
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160 from the Hartree-Fock value. The fluctuation is about 4% of the average r.m.s.
radius. In Fig. 4.8 we show the time evolution of the quadrupole moment of the same
configuration and the fluctuation is very small. The quadrupole motion which will
be shown in section 4.3 are excited from this calculational ground state. What we
are interested in, however, is the quadrupole resonance built on the true ground state
which is a solution of TDDM. We therefore need to estimate the mixing rate of the
true ground state with the calculational ground state. For this purpose we make a
simple estimation of the percentage which the true ground state possesses in the cal-
culational ground state for *°O. First we assume that the calculational ground state
consists of the HF state ;md 2p-2h configurations. To make the estimation simple, we
further assume that there are two kinds of 2p — 2h states: 2p-2h states made of the
1p to 2s1d excitations, and those which conmsist of the 1s to 2s1d excitations. These
are illustrated in Fig. 4.6. Because the other kinds of transitions have negative parity
they are neglected. Since the 2s1d states are almost degenerate, the problem may be

replaced by the three-level problem given by the following 3 x 3 matrix

0 < HFv|lp — 2s1d > < HF|v|ls — 2s1d >
<1lp — 2sldjv|HF > AE(1p — 2s1d) 0 4 ,
<1ls — 231djv|HF > 0 AE(1s — 2s1d)

where we neglect the coupling between 2p-2h states. To calculate these matrix el-
ements, we make use of the initial correlation energy (Eq. 2.36) given in the Bdrn
approximation. The initial correlation energy is —16 MeV as shown in Fig. 4.5. The
contribution from the 1p — 2s1d transition is found to be —14 MeV whereas that
from 1s — 2s1d is —2 MeV. Since the initial correlation energy is expressed as the in-
teraction matrix element divided by the single particle energy difference, the average
interaction matrix element can be roughly estimated by the known values of correla-

tion energy and the single particle energy difference. The coupling matrix elements
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Figure 4.7: Time evolution of the r.m.s. radius of 160 starting from a HF configura-
tion.
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Figure 4.8: Time evolution of the quadrupole moment of 160 starting from a HF
configuration.
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thus estimated are as follows (in MeV):

0 19 11
19 27 o |. (4.9)
11 0 53

After diagonalizing the above matrix we found that the component of the true ground
state mixed in the HF inital state is about 79%. This value is close to a shell model

calculation done by Hoshino et al. [Hos 88].

4.3 Results and discussion

We first show the time dependence of the quadrupole moment defined as
< Q(t) >= / &rp(7)r* a0 6). (4.10)

We calculate the quadrupole moments of 0 in three different models: TDDM,
TDDM' and TDHF. Here TDDM' means that only the Born term of Eq. 2.23 is
included in the calculation. For °Ca the moments are calculated only in TDDM and
TDHF. The results are plotted in Fig. 4.9 and Fig. 4.10. The results calculated in
TDDM' and TDHF show very little damping, but those calculated in TDDM have
oscillation patterns which are quite different. The non-harmonic pattern found in the
TDDM results indicates that the quadrupole motion is the superposition of several
harmonic motions with different frequencies. To discuss the differences between the
results of TDDM and TDHF in more detail, we look at a useful quantity called

strength function.

The strength function is defined as
S(w)=Y_| <n|V|0 > [*§(E — E,,). (4.11)

Here V is the operator which causes the excitation and E, = hw, is the excitation
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Figure 4.9: Quadrupole moments as function of time for 180, the solid line is calcu-

lated in TDDM, dot-dashed line in TDDM' and the dashed line in TDHF.
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Figure 4.10: Quadrupole moments as function of time for 0Ca, the solid line is
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energy of the eigenstate |n >. In our calculation

V=3 Q@) Q@) =rYs(8). (4.12)

The relation between the quadrupole moment and strength function is derived in

appendix A. Here we only write down the final result (Eq. A.14)
1 had .
S(w) = ;&-ﬁ—./o < Q(t) > sinwtdt. (4.13)

We perform Fourier transformation of the quadrupole moments given in Fig. 4.9
and Fig. 4.10. The calculated strength functions are plotted in Fig. 4.11- 4.14. Since
we only have finite numbers of points, the Fourier transformation of the low frequency
contains spurious components. So we only present those components whose frequen-
cies are higher than 10 MeV. Of course, this number is rather arbitrary.  These
TDDM strength functions have a broad distribution and the width of 160 is larger
than that of °Ca. If we fit the distributions with Gaussian function, the widths for
both strength functions are roughly 8 MeV ('60) and 5 MeV (%Ca). These values
are qualitatively in agreement with experiments [Kno 75, Mos 75] and shell model
calculations [Hos 76, Hos 88, Knu 76]. In contrast to TDDM, the results of TDHF
are centralized peaks corresponding to the harmonic temporal behaviours. The sharp
distributions seen in the TDHF strength functions are in coincidence with the RPA

calculations [Ber 75].

In the following we discuss why TDDM’ gives small damping widths. In Sec. 3.4
we shqwed that SRPA can be derived from the small amplitude limit of TDDM. The
neglect of higher-order terms in TDDM' corresponds to the neglect of the interaction
between 2p — 2h states in SRPA. A numerical calculation based on this version of
SRPA was done by Drozdz et al. [Dro 86), in which the spreading of strength func-
tion is not found either. Therefore, Drozdz’s result and TDDM' calculation indicate

that merely introducing the coupling between 1p-1h space and 2p-2h space does not
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Iigure 4.11: Quadrupole strength distribution calculated in TDDM for 180.
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Figure 4.12: Quadrupole strength distribution calculated in TDHF for 180,
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Figure 4.13: Quadrupole strength distribution calculated in TDDM for 4°Ca.
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cause redistribution of strength. Using the single-particle states employed in the shell
model calculation done by Kniipfer and Huber [Knu 76], we discuss this point fur-
ther. Fig. 4.15 shows the energy levels used in their calculation and Fig. 4.16 gives the
possible unperturbed states generated by the 1p-1h and 2p-2h excitations. The resid-
ual interaction between the 1p — 14 states produces a coherent state which exhausts
most of the strength [Rin 80]. The coherent state found in Ref. [Knu 76] is located
at Ex = 21 MeV which is much lower than the unperturbed 2p-2h states. Because
this 1p — 1h coherent state is located far away from the unperturbed 2p — 2k states,
the coupling between them does not give any spreading of the strength. The broad-
ening of the strengths in TDDM and in the shell model calculations is caused by the
residual interaction between the 2p-2h states. This residual interaction redistributes

the 2p-2h states.

Here we point out that the spreading of strength function also depends on the
strength of residual interaction. In Fig. 4.17 and 4.18 we show the strength functions
which are calculated in TDDM with vy = —250MeV - fm3 and vy, = —212MeV - fm3,
respectively. The spreading of strength function reduces when the |vg| becomes small.

The centroid energy is also shifted upward when |vo| becomes small.

Another quantity which can be compared with experiment is the centroid energy
of the distributions. All the centroid values given in our calculation are smaller than
the empirical values described by Eq. 4.1. Krewald et al [Kre 77) find that the position
of the 1p-1h coherent state calculated in RPA depends on the effective interaction
used to generate the mean field. They use several effective interactions (SkII, SKIII,
SkIV, SkV and Sk-LB) in their RPA calculation. The position of the coherent state
for 1°0 is found to be always lower than the empirical centroid given by Eq. 4.1. SkIII
and Sk-LB give lower excitation energies than the other interactions and the values
are similar to our TDHF result. The position of the coherent 1p-1h state may be

sensitive to the effective mass. SKIII and Sk-LB have larger effective masses than
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the other interactions; the values are about 0.75 and 0.8, respectively. The effective
interaction used in our calculation has effective mass 1. The difference between the
TDDM centroid energy and the TDHF one is larger in ®O than in *°Ca. We interpret
this in the following way. The level density of 2p-2h states is lower in 80 than in 4°Ca.
For %0 some of the perturbed 2p-2h states are distributed on the lower-energy side
of the coherent state. So the centroid of the distribution is down shifted as compared
to the TDHF result. Since its 2p-2h level density is low, the strength distribution
in 180 is sensitive to the location of the perturbed 2p-2h states, i.e. to the residual
interaction. The two shell model calculations [Hos 76, Knu 76] use different residual
interactions and give quite different strength distributions. Our result is closer to the
calculation by [Knu 76]. In case of °Ca the coherent state is embedded in the denser
distribution of the perturbed 2p-2h states, therefore, the centroid of the distribution
is hardly shifted.

The sum rule which is most often used to compare the theoretical calculation with
experiment is the so called energy-weighted sum rule (EWSR). A general form of
EWSR is as follows

VV)?
Y (E, - Eo)| <alV|o> |* = /dsrpo( Zm) . (4.14)

Here po is the ground state density and V(7)§(t) is the impulsive perturbative field.
For the quadrupole field used in our calculation wé have

A< >
S (En— Eo)| <afV]|o> > = i (4.15)

- Tm

where A is the mass number. In calculating the sum rule limit (r.h.s of Eq. 4.15) we
use < r? >= 6.76fm?* for 0, and 11.3 fm? for *°Ca. These two values of r.m.s. radii
are the results of HF calculation using the same force as that used in TDDM. Using

Eq. 4.11, the sum rule is related to the calculated strength as

S (B~ Eo)| <n|V]0 > | = / S(w)wdw. (4.16)

!For a derivation of this sum rule, one can refer to [Ber 83].
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Table 4.1: Calculated strength S, expressed as percent of the energy-weighted sum rule
limit.

% | TDDM | TDHF | Shell Model [ RPA ||
186Q 82 92 91 90
0Ca 68 92 80 -

In the 1.h.s. of Eq. 4.16 we exclude those whose frequencies are lower than 10 MeV.
The ratio of EWSR to the sum rule limit are shown in Table 4.1. The shell model
values are taken from Ref. [Hos 76] and the RPA values are taken from Ref. [Kre 77

in which the Skyrme II interaction is used. The percentage of EWSR in TDHF is

comparable with those given by RPA calculation with Skyrme interaction [Kre 77|,
which is about 90% (*€0). The TDDM values are smaller than those of shell model
calculation. In TDDM calculation the strength functions disperse over a wide en-
ergy range and the exclusion of low frequency components gives some ambiguities
to TDDM values shown in Table 4.1. The experimental values vary from different

probes used? and are smaller than the theoretical calculations.

4.4 Summary

In this chapter we studied the isoscalar quadrupole motion in *0 and “°Ca using
both TDDM and TDHF. Similar to the RPA calculation, the TDHF calculations
do not show spread width of the isoscalar motion. In the TDDM calculation the
spreading widths in both nuclei are well reproduced. It is found that the higher-order
terms which describe correlations among the 2p — 2k excitations are essential to the
spreading. Similar results are found in shell model calculations which includes 2p—2h

correlations.

?A summary of experiments is given in table II of ref. [Hos 7 6).



Chapter 5

Heavy-ion reactions

5.1 Introduction

In chapter 4 we have applied TDDM to the small amplitude quadrupole motions.
However, as stated in Chapter 1 TDDM is devised to treat large amplitude motions
e.g. heavy-ion collisions. In this chapter, we apply TDDM to fusion reactions and

deep-inelastic heavy-ion collisions( DIC).

In the low energy heavy-ion collisions, fusion is observed when the colliding energy
is near or above the Coulomb barrier. TDHF has extensively been applied to fusion
reactions above the Coulomb barrier. An interesting finding of such TDHF calcula-
tions is that a colliding system does not fuse in the low orbital angular momentum
region when the incident energy is high enough. The low-! no-fusion threshold energ&
for 1*0+1€0 is found to be about 54 MeV [Dav 85]. However, this prediction of T DHF
has not been supported by experiments [Kox 80, Laz 81, Tol 81, Ike 86}. One of thé
attempts trying to solve this problem was given by Umar et al. [Uma 86]. They in-
cluded the spin-orbit force, which has been neglected in previous TDHF calculations,
into the mean field calculation and found that the low-I no-fusion window threshold
energy was raised to 146 MeV. Tohyama included the nucleon-nucleon (NN) collision
eflect into the TDHF calculation [Toh 87] and found that the no-fusion threshold

energy also lay around 145 MeV. His calculation included only the Born term of

54
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Eq. 2.23. In this chapter we re-examine this problem for %0 + 60 in TDDM which

takes into account the higher-order correlations (i.e. H and P terms of Eq. 2.23).

One characteristic aspect of the DIC is the broad distributions of observables such
as mass and charge [Sch 84]. The most fundamental theory so far applied to DIC
is TDHF [Neg 82, Dav 85]. Although the mean values of one-body observables in
DIC are reproduced in TDHF, their fluctuations predicted in TDHF were found to be
quite small. For example the mass dispersion calculated in TDHF for heavy systems
are one order of magnitude smaller than experimental data [Dav 85]. This dificulty is
due to the one-body nature of TDHF : the total wave function in TDHF is restricted
to a single Slater determinant which is inadequate to evaluate the expectation values
of two-body operators e.g. dispersion of one-body quantities [Das 79]. So far a few
microscopic approaches have been proposed to treat the fluctuations better. Yamaji
and Tohyama included 2p-2h configurations [Yam 84] in a perturbative way. They
found that the mass dispersion in %O + *°Ca are enhanced by a factor of 3 as com-
pared to TDHF results. However, the effects of nucleon-nucleon (NN) collisions on
the dynamics of the heavy-ion collision are neglected in their approach. The other
calculations done by Bonche and Flocard [Bon 85] and Marston and Koonin [Mar 85]
are based on the variation principle proposed by Balian and Vénéroni [Bal 81} which
gives a method to calculate the fluctuations in the framework of a mean field theory.
The numerical results for ¥0 + 0 and %°Ca 4 4°Ca showed 30% ~ 400% increase
in the mass dispersion. The NN collision effects on the dynamical development of the

colliding system, however, are not included in this approach either.

Since TDDM provides us with the two-body density matrix as well as the one-body
density matrix, it is straightforwa&l to calculate the fluctuations of one-body observ-
ables. In this chapter we also study whether TDDM gives large enough fluctuations
to overcome the difficulty in TDHF.

We study the mass dispersion in 80 + 180 which is the largest system we can han-
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dle for the present. Since no experimental data are available on the mass dispersion in
180 + 180, we compare our results with those calculated in a transport theory called
the nucleon exchange transport model (NET) [Ran 78, Ran 79, Ran 82]. NET has
been successful in reproducing experiment data for various systems [Sch 84]. There-
fore, the results in NET for 180 + 80 are considered to be “empirical” values. In
the comparison between NET and TDDM, basic macroscopic parameters in NET are

obtained from quantities calculated in TDDM.

5.2 Mass invariance

In this section we present an expression for the mass dispersion in DIC. DICis a binary
collision and there are two excited nuclei in the final state. To count the number of

the particles in one of the nuclei, we introduce the following number operator

N :/Rat(f")a(F)dar, (5.1)

where the creation and annihilation operators are denoted with a! and a¢. and the

integral is for half of the space [Dav 85]. The mass dispersion is defined as follows

cr=V< N2> — < IV >2, (5.2)

where < - > means the expectation value. Since o} contains a two-body operator,
the mass dispersion can be expressed with both the one-body and two-body density-

matrix,
oh = [ (i) — [ drdiap(ii ol )
+ LdFIdF2CZ(FIF2;FlF2)- (5.3)

Here c; is the two-body correlation function. Eq. 5.3 can be written in terms of Nog

and Caﬂalgv

0'; = Znag<ﬂ!a>n
af
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+ Z < a'|a >r< ﬂ”ﬂ >R (Ca a'fl — nagrnﬂa:), (54)
afa'f!

where < a|B >pg is the overlap integral of the two single-particle states a and @ in

the half space. Since a3 = 8ag and Cogwg = 0 in TDHF, og in TDHF simplifies

A 4
TRIDHF = AX: <AA>R =Y < AN >p< N|A >p, (5.5)
=1 A7

where A is the total number of nucleons.

The experimental mass distribution in DIC are well approximated by the gaussian
distribution [Sch 84] (Fig. 5.1). For the gaussian distribution the full width at half

maximum I' (FWHM) is related to og via

I'=+81n2 og. (5.6)

Since the total system is an eigenstate of the total number operator, the dispersion

for the entire space must be zero

Tootad = D Moo+ I (Coap — Naghpe)
[+2 aﬂ

= A+ (Capap — NagNge)
o

= 0. (5.7)
where < a|f >iota= 8ap is used. TDHF conserves this condition because Copsy =0

and Nag = 6ap.

To show that TDDM also satisfies Eq. 5.7, we use the explicit expression for the

equation of motion for Cogug (Eq. 2.23);
ihéa alfl = Bagaog:(t) + Haﬂalﬂl(t) + Paﬂargr(t). (5.8)

The time derivative of 3,5 Cupas consists of three terms as can be seen from the
above equation. Using the fact that the matrix element of the interaction is antisym-

metrized, it is straightforward to show that the Born terms has no contribution;

Z Baﬂaﬁ = 0. (5.9)
of
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Counts

<A> A

Figure 5.1: A hypothetical mass.distribution having the shape of gaussian function
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In the sum of the higher-order contributions (H and P) several terms are canceled

and remaining terms are summarized as

E Hopgop = -2 Z < a/\2|v|/\3)\4 >4 nAs,ng,\m;‘,
aB aBAiAzrg
+ 2 Z < /\1/\2|v|az\4 >4 182, Carga, (5.10)
A1A2A408
and
Z Paﬂaﬂ = -2 Z < alg Ivl)\3)\4 > nﬂhct\shaﬂ
af aBAiAsAg
+ 2 Z < A1A2|‘U|C!A4 > nhﬂcaﬂ)q)‘,. (511)
affA1 Az

The derivative of the sum of C finally becomes

d 2
_l-iz Z Cagag = ;’,—ﬁZ(n)\sg < a/\2|v|/\4)\3 > Cﬁha)\z
af all

+ngx < Adzfv|ars > Corpn,)

= 2 Z nag'flﬁa
of

d
= E E NagNPa- (5.12)
ap

From the first line to second we used the equation of motion for n.g (Eq. 2.22). Thus

Eq. 5.7 is time-independent. So if 07, = 0 initially, Eq. 5.7 is always satisfied.

From the above discussion we find whether the condition (Eq. 5.7) is satisfied or
not depends on the approximation for the equation of motion for Cupys- In the Born
approximation we always have 3,4 C'aﬂaﬁ =0 because of 3,5 Bagag =0. Since the
time derivative of 3,5 nagng, is not always zero, the Born approximation does not
conserve Eq. 5.7. Therefore we must include all the higher-order terms to assure that

the whole space fluctuation vanishes.

We would like to mention that TDDM satisfies a relation which is more general
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than Eq. 5.7, that is, the relation between the one- and two-body density-matrices

p(1158) = [ d2{p(12;)p(21'52) - c(12,1'2; 1)}, (5.13)

which is derived from the definition of the reduced density-matrix Eq. 2.5. One
can derive Eq. 5.7 from this equation by simply taking trace. The relations Eq. 5.7
and 5.13 indicate that if we want to calculate the time evolution of the two-body
density-matrix consistently with one-body density-matrix we should include all the
higher-order terms. Therefore, these higher-order terms may be essential not only to

the calculation of the mass dispersion but also to other two-body quantities.

5.3 Nucleon exchange transport model

In this section we briefly present how to calculate the mass dispersion in NET. The

details of NET are presented in ref. [Ran 78, Ran 79, Ran 82].

Since we only consider the mass distribution induced by the nucleon transfer, we
need a distribution function P(A,t) which is the probability that the projectile-like
collision partner has mass number A at time t; and P(A,t - —o00) = §(A— Ap) where
Ap is the mass number of the projectile. The assumption made in this transport
theory is that this function satisfies the equation of Fokker-Planck type

0 a 8
b—tP 3AVAP -+ -a—-AEDAAP. (5.14)

where V, is called drift coefficient and D44 is called diffusion coefficient. If the
diffusion and drift coefficients are constants, the solution of Eq. 5.14 will be a Gaussian

like function [Nor 74] whose width depends on D and peak drifts with speed V.

Solving Eq. 5.14 for P(4,t)is difficult and often unnecessary, because P(A4,t)
contains more information than we need to calculate the mass dispersion. We can

use a differential equation for the mass dispersion [Ran 82]

V
d 2D.4A+2a 4 ol.

i 94 (5.15)
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This equation can be derived from Eq. 5.14 using the definition

o3 = / (A— < A >)2P(A,t) dA. (5.16)

Since the derivation of the diffusion and drift coefficients is quite lengthy, we only
give the final expressions. In the derivation of these diffusion coefficients some simple
assumptions have been made. The nuclei are assumed to be Fermi gases with the same
temperature 7 and the interaction between the two nuclei is the exchange of nucleons.
The geometry of the colliding nuclei assumed in NET is illustrated by Fig. 5.2, where
both nuclei are spheres connected by an elongate neck. The coeflicient D4, is given
by

where ng is the nucleon current, C.zs the neck radius and T the Fermi kinetic energy.
The values of no and Tr are [Ran 82]: ng = 2.5 X 10*' fm~25"! and Tr = 3TMeV. 7*
is called the effective temperature and defined by

* eff “’eff
T = coth—— 5.18
2 2r ( )

Here 7 is obtained from the dissipated collective energy @ using the relation Q =
—Aisgrz where B is the mass number of target nucleus. The effective excitation en-
ergy weys is given by w2, = %p?(fl’ + u?) where R is the radial velocity, u; is the
tangential velocity and p;y = 265MeV/c is the Fermi momentum. In the calculations
for %0 + 10 we use a rotational frame approximation for peripheral collisions. In
this approximation u; =0. The drift coefficient is obtained from the mass formula.

Its derivative is expressed as [Ran 82],

av, 2n
T = 1Ol R
+ AR2w2+ azA_—'——CgA_—+A2 c]) (519)
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Figure 5.2: Illustration of the spatial relation between two colliding nuclei under the
assumption of NET. '
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where

1;2‘0 (2 - i{%) R < R,

V. = (5.20)
e! 2
4‘;[ R > Ro

Here R is the separation distance between the centers of the two nuclei, Ry the sum
of the radii of the two nuclei, w the rotational frequency, a; = 17.9437MeV and
cz3 = 0.7053MeV.

In this work we use the mean trajectory method [Ran 79] to solve Eq. 5.15. In this
method the parameters (R, Cesy, w, etc) are determined in a model which describes
the mean values well. Such an example can be found in Ref. [Jor 87], where the mean
values are calculated in TDHF. In this work we will determine the time-dependent
parameters with the one-body density distribution given by TDDM and integrate

Eq. 5.15 for the mass invariant.

In our calculation R and R are determined by the one-body density, 7 is de-
termined by the kinetic energy loss (KEL) and the angular velocity w is given by

w = L/I(p) where I(p) is the moment of inertia [Dav 81]. The effective neck radius

Ceys is determined from the one-way current|Jor 87]

N = nowC%;
p(:c,y,z::O) 43
= e /  dedy [228%2=0)) (5.21)
window Po

where N is the total transfer current across the neck and py = 0.17fm~3 is the nuclear

matter density.

5.4 Numerical detail

The numerical method used for **0 4180 is similar to that for the quadrupole motions.

In the following we point out some aspect specific to the collisions case.
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We use a TDHF code on which the axial symmetry is imposed. This symmetry
is an exact one for the case of head-on collision. For the case of finjte impact pa-
rameter collisions the rotational-frame approximation is used [Dav 81]. The colliding
ions move toward each other in this frame. The geometry of the colliding system is

illustrated in Fig. 5.3. The frame rotates with angular velocity

L

w:-I[—p],

(5.22)
where L is the conserved total orbital angular momentum and I [p] is the momenf
of inertia. Several prescriptions have been used to calculate the moment of iner-
tia [Dav 81]. In prescription R2 it is assumed that the two jons are point-like objects
before they clutched (i.e. the density at the touching point exceeds a certain \Iralue,
e.g. half of the nuclear matter density) and the moment of inertia is that of rigid
body after they clutched. In this prescription there is a jump in the collective energy
when two ions clutch or de-clutch. Since we need a continuous change of collective
energy, we use prescription R4 which assumes a continuous change of moment of in-
ertia [Dav 78]. R4 is based on R2 but allows for a continuous change in the momént

of inertia before clutching.

The initial HF s.p. wave function are boosted with a phase factor corresponding
to the incident energy. For the left hand side nucleus, we multiply each single particle
orbit with a phase factor exp(ipz/h) and exp( —ipz/h) for the right hand side one. p

is the initial momentum of each nucleus in the C.M. frame.

Due to the axial symmetry, each single-particle state is labeled by quantum num-
ber m (magnetic quantum number). For the mass symmetry system like 160 + 160
there is another good quantum number, z-parity, due to the z-reflection symmetry.
The s.p. wave functions with z-parity are constructed initially in the following way;

Let {L} ({¥F}) be the wave functions which are initially located within the left
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Figure 5.3: Illustration of the colliding system viewed in L.B. frame and C.M. frame.
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hand (right hand) side nucleus. Due to the reflection symmetry

¢£(P,—Z) = T/)E(P,Z)- (5'23)

The new set of single particle basis which has definite z-parity is given as follows
¥ o= R+l
-3 \/i -3 al?

- = Lyr_
Yo = ﬁ(¢f ¥a)- (5.24)

Here the superscript “+” denotes the positive z-parity and “—” denotes the negative
z-parity. This prescription is illustrated by Fig. 5.4. The s.p. states used in the
calculation are illustrated in Fig. 5.5. With these single particle states having definite
z-parity we can suppress those occupation and correlation coefficients with mixed z-

parities.

The description of the interface between TDHF code and the subroutine solving
the equations of motion for n(t) and C(t) (Eq. 2.22 and Eq. 2.23) is given in page 45.
The number of single particle states used in the collision case is 20 (Fig. 5.5). In the
calculations shown later, the number of time steps is about 500. For a calculation
which includes all the terms of Eq. 2.23 each time step takes about 8 minute CPU in

VAX8530. These values are about 70 times of those needed for TDHF calculation.

5.5 Results and discussion

We first searched the threshold incident energy above which no fusion occurs for a
head-on collision and found it to bq Ey,, ~ 170MeV. This energy is much higher than
that in TDHF which is only 54MeV if the spin-orbit force is not included. However,
it is not very much higher than the result (Breb =~ 140MeV) of the previous TDDM'
calculation[Toh 87] (which included only the Born term in Eq. 2.23). This indicates

that the higher-order terms in Eq. 2.23 are not so important as the Born term, as far
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Figure 5.4: Illustration of prescription of constructin

g wave function having definite
z-parity.
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1s 2s 1p 1d
m =2 17
m=1 9 13
m=0 1 3 5 7
m=—1 11 15
m = —2 19

Positive z-parity

1s 2 1p 1d
m=2 18
m=1 10 14
m=0 2 4 6 8
m=_1 12 16
m= -2 | 20

Negative z-parity

Figure 5.5: The numbering of s.p. levels for 1*0 + 180, thick lines are occupied state,
thin lines are empty. -
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as the dissipation in heavy-ion collisions is concerned. As far as fusion is concerned,
Umar et al [Uma 86] find that the fusion window problem can be resolved if the spin-
orbit coupling is included in the mean field. Their calculation gives 146 MeV of the
threshold energy for the same system. The effects of the higher-order correlations
were also studied by Cassing and Wang for a one-dimensional system [Cas 87). They
solved the coupled equations for p and C, in coordinate space using a bare NN in-
teraction with a short range repulsive part. They found that the dissipation due to
the NN collisions is weakened by the higher-order terms. Their finding is apparently
inconsistent with our result. We interpret the difference in the following way. The
higher-order terms may play two different roles; one is to renormalize the bare NN
interaction and the other to modify the phase space distribution of two nucleons. The
calculation by Cassing and Wang[Cas 87] has no truncation in momentum space; the
coupled equations were solved in coordinate space. Therefore, it is likely that they
observed the drastic renormalization of the bare interaction when they included the
higher-order terms. We believe that this renormalization effect is small in our calcu-
lation because of the severe truncation in single-particle space. There still remains
the effect of modification of the phase space distribution due to the higher-order cor-
relations. This effect enhances the dissipation as was found in the damping of giant

resonances.

The TDDM calculation done in this work as well as previous calculations [Toh 87]
show that the inclusion of NN collision effects brings about more dissipation as com-
pared to TDHF. This is in contradiction with the extended TDHF calculations made
by Wong and Davies [Won 80, Won 83]. In their application of extended TDHF to
fusion and intermediate energy heavy-ion collisions, no additional dissipation was
found as compared to the TDHF calculation. Here we would like to point out the
difference between our calculations and theirs. In their model they use the solution

of a TDHF -like equation as a single-particle basis as we do in TDDM but assume
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Table 5.1: The total kinetic energy loss (TKL) and reaction time.

l=0n [ = 40k
TKL (MeV) | ¢,.0.(1077%s) | TKL (MeV) treac(107%'s) |
| TDDM 82 0.43 37 054 |
| TDHF 64 0.25 11 025 |

the occupation matrix to be diagonal. In Ref. [Toh 85] Tohyama points out that the
off-diagonal matrix elements are important in bringing about additional dissipation
of collective energy. To improve their model Wong and Davies suggest to add to the
s.p. basis additional states, which includes the transverse degrees of freedom. In our
approach the inclusion of off-diagonal matrix elements plays a role in bringing about

such transverse degrees of freedom.

We calculate the mass dispersion for two different reactions i.e. a head-on collision
and a peripheral collision (! = 404) at Ej,, = 185MeV. The incident energy is chosen
to be above the threshold for a non-fusion event to occur in a head-on collision.
In table 5.1 we show the losses of the kinetic energy of the relative motion and
the reaction times calculated in TDHF and TDDM. The reaction time is defined
as the period during which two nuclei are clutched [Dav 81] (i.e. the center-of-mass
density exceeds half of the nuclear matter density). 'TDDM gives larger kinetic energy
losses and longer reaction times than TDHF. In the head-on collision, however, the

dissipation of the collective energy is still dominated by one-body mechanisms.

The parameters in NET are shown in Fig. 5.6-5.7 (7 and 7*) and Fig. 5.8 (Daa)
as functions of time. Although NET is devised to treat peripheral collisions where the
overlap between the two nuclei is small, we also apply it to the head-on collision to
estimate the order of magnitude of the mass dispersion. The increase in the effective
temperature in the final stage of the peripheral collisions is due to an increase in &.

The effective temperature approaches an asymptotic value as the separation between
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Table 5.2: o4 calculated in TDDM, TDHF and NET.

o4 (amu) |

I =0k ]T=404|

TDDM | 2.0 12 |
TDHF | 0.8 04 |
NET | 2.7 1.5 |

the two fragment increases. The peak in 7* in the head-on collision is due to an
increase in the collective energy after many nucleons from one nucleus penetrate into
the other nucleus. The temporal behavior of D4y is mainly determined by the one-
way current (Eq. 5.21) which is plotted in Fig. 5.9 with solid curves. The double peaks
of Daa seen in the head-on collision is caused by peaks of the effective tempera;ture
(see Fig. 5.6). In the case of peripheral collision the average value of Dy, over
the reaction time is 2 - 10*'[amu|?s~!. This value is close to the “empirical” value
D =~ (A + B)-10*[amu]’s~" = 32 -10?°[amu]?s~? which is used in a simple transport
nodel [Sch 77].

The time evolution of the mass dispersion calculated in TDDM (Eq. 5.4), TDHF
Eq. 5.5) and NET are plotted in Fig. 5.10. The mass dispersion in NET are dom-
nated by the diffusion term (the first term on the right hand side of Eq. 5.15). All
he results of the mass dispersion are quite stable as functions of time after the two
ons are well separated. The whole space integral of Eq. 5.7 was calculated to check
umerical accuracy and was found to be smaller than 0.02[amu]?>. The final-state
1ass dispersion in TDDM, TDHF and NET are shown in table 5.2. The TDDM
esults are of the same order of magnitude as the NET values, whereas TDHF results
re much smaller. Since NET values are considered as “empirical”, the final-state

‘DD DM results may be large enough to reproduce experimental mass fluctuations.

There is a noticeable difference between the TDDM results and the NET ones in

1€ intermediate stage of the collisions. While the transport model yields a monoton-
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Figure 5.6: For head-on collision 7 (solid line) and 7* (dashed line) in NET as func-
tions of time. The arrows indicate the time interval during which two nuclei are
clutched.
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Figure 5.7: Same as Figure 5.6 but for peripheral collision.



73

25 1 1 1 i 1 I 1 1 T 1 1 i 1 T 1 1 1] | ! 1

20

15

10

D,, [amu®s™!]

head on A
4r -
g_ - peripheral
1r s
O 1 | 1 l 1 1 1 1
0 0.25 0.5 0.75 1 1.25

Time [107%! sec]

Figure 5.8: Diffusion coefficients in NET as functions of time. The arrows indicate
the time interval during which two nuclei are clutched.
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Figure 5.9: One-way currents as functions of time, calculated with Eq. 5.21 (solid
lines) and Eq. 5.27 (dashed lines).
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Figure 5.10: o} as a function of time. The curves are for TDDM (solid lines), TDHF
(dashed lines) and NET (dot-dashed lines). The unit of o% is [amuj?.
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ically increasing mass variance, the quantal results exhibit large peaks at early times,
before approaching their respective final values. Before discussing this difference we

look at the mass dispersions in TDDM in more detail.

We separate the expression for 0% (Eq. 5.4) into two parts corresponding to a

one-body contribution and a two-body correlation contribution,

op = Y ngg<Pla>p— )Y <dla>p< B >k napnge  (5.25)
af afa'f’
+ Y. <a|a>r< 18 >r Capap'- (5.26)
afa'f’

Each contribution is separately shown in Fig. 5.11. The time when the one-body
and two-body contributions start growing is the time when the NN collisions were
turned on. This time is slightly before the two nuclei start overlapping. The non-
zero contribution from each part before the collision of the two nuclei is due to the
ground state correlations. The sum of these contributions is equal to zero before the
two nuclei overlap, guaranteeing that each nucleus is an eigenstate of the number

operator.

For the head-on collision the two-body contribution has a sharp peak (see Fig. 5.11)
which is not seen in the peripheral collision. The peak is explained by an increase in
the two-body correlation matrix as a result of a decrease in the energy gap between
the occupied and unoccupied single-particle states. Fig. 5.12 shows the time evolu-
tion of some of the single-particle energies defined by €x =< AJh|A >. The energy
gap between the 1p state and the 2d state becomes very small when the two nuclei
strongly overlap. The dominant two-body correlation matrix in the initial stage of
the collision i.e. the two—parécle two-hole matrix which is inversely proportional to

the energy gap is, therefore, enhanced when the energy gap becomes small.

To explain the decrease in the TDDM mass dispersion toward the final state of the

collision, we introduce the current in TDDM which may correspond to the one-way
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current in NET ;

N = /dzdyJ,(z =0). (5.27)

where J, is the z component (beam direction) of the current density

3(5) = X map s {$aV5 — Y3 V). (5.28)

a8 m

The summation in the above equation runs over the single-particle orbits which are
initially localized in one of the colliding nuclei. The current thus defined, of course,
has little quantitative meaning because the single-particle states from both nuclei
mix after the two nuclei overlap. The current is plotted in Fig. 5.9 with dashed
curves. The current in TDDM is not positive definite and becomes negative in the
later stage of the collision. Using Eq. 5.27, we calculated the mass dispersion in NET.
The results are shown in Fig. 5.13 with dashed curves. The temporal behavior of the
mass dispersion is now similar to the TDDM result i.e. the decrease of 0% toward the
final state. The above qualitative discussion suggests that the discrepancy between
TDDM and NET originates in the assumption of quick memory loss inherent in the
transport treatment. For central collisions of relatively small nuclei, the opportunity
for the single-particle motion to become disordered is significantly reduced and the
transferred particles may remain coherent beyond the echo time and thus reduce the
mass variance when transferred back to their original host nucleus. Clearly, the time

local treatment of the NET model is inadequate for such a situation.

In the following we point out some ambiguities in our calculation. In the calcula-
tions described in previous chapter as well as this chapter, we use effective interaction
as the two-body potential in the calculation of mean-field and as residual interaction.
Therefore, there exists effect of double counting in our calculation. Some effects of
higher-order correlations have been included by using the effective force. Because
these effects are static in the sense that the effective force is time-independent, it is

not clear which higher-order terms cause the double counting in the dynamic case.
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The initial Hartree-Fock ground state is not the true ground state of TDDM. Since
the ground state correlations grow in time, the mass dispersion may depend on when
the NN collisions are switched on. For the head-on collision we made two calculations
with different starting time of the NN collisions; in one calculation the NN collisions
are turned on when the separation distance of the two nuclei is 5.2fm and in the other
the distance is 9fm. The former has practically no ground state correlations grown
before the two nuclei overlap, and the latter fully grown correlations. It was found
that o, vary from 3.6(amu)? to 4.0(amu)? when the separation distance changes from
5.2 fm to 9 fm. The mass dispersion are, therefore, not sensitive to the initial ground

state correlations.

In the peripheral collisions the kinetic energy loss and the reaction time depend on
how the moment of inertia is calculated. The R4 prescription which gives a continuous
change in the moment of inertia [Dav 78] was found to give a larger kinetic energy
loss and a longer reaction time than other prescriptions such as R2. As a result of

the longer reaction time, the R4 prescription gives a larger mass dispersion than R2.

We also calculated the relative momentum dispersion as was done in Ref. [Mar 85].
Since the initial Hartree-Fock state is not an eigenstate of the relative momentum
operator, the initial dispersion of the momentum is non zero (op = 1.17fm™1). We
calculated the final-state momentum dispersion and found a slight increase in the
momentum dispersion. However, it is of the same order of magnitude as the TDHF
result. This indicates that the s.p. states localizing along one trajectory might not

enough to treat the momentum fluctuation.

The total energy for the head-on collision is shown in Fig. 5.14 as a function of
time. As was discussed in section 2.4.3, TDDM formally preserve energy conservation.
The total energy is not conserved in our numerical calculation. The gain in energy is =
about 60 MeV in the head-on collision. Energy non-conservation is also found in the

calculation of isoscalar quadrupole motion but the gain in energy is much less than
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that in this case [Gon 88]. The gain in energy occurs during the time when the two
nuclei strongly overlap. The violation of the energy conservation is not sensitive to
the change in the parameters in the numerical calculations, such as the number of
mesh points and mesh sizes. Therefore we conclude that the violation is mainly due

to the truncation in the single-particle space.

5.6 Summary

In this chapter we applied TDDM to the fusion reaction and the deep-inelastic colli-
sion of system 0 + 1%0. First we found that the low-I non-fusion threshold energy is
about 170 MeV which is consistent with the experiment [Ike 86]. This value is com-
parable with that one (140 MeV) which is calculated in TDDM without higher-order
terms. This indicates that higher-order terms are not so important to the dissipation
of translational energy as they are to the spreading of strength function in the case

of isoscalar giant quadrupole resonance.

Second we calculate the mass dispersion in two non-fusion DIC events; a head-
on and a peripheral collision. In both cases the mass dispersion are found to be
much larger than the calculation of TDHF. We point out that all the higher—ordéf
terms must be included in the calculation to assure zero whole space ﬂuct\:mti{m.
We compare TDDM results with that of a phenoménological m(;del called “nucleon
exchange transport model” (NET). It is found that results from both models 11§vé
the same order of magnitude. We also discuss the temporal behavior of the mass
dispersion in both models. We found that the statistical assumption made in NET

are not always realized in TDDM.
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0 0.25 0.5 0.75 1
Time [107%! sec]

Figure 5.12: Single-particle energies ¢y, =< AlR|A > as functions of time for the
head-on collision. m is the azimuthal quantum number, + and — denote the z-parity.
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Figure 5.13: The mass dispersion calculated in NET with the current Eq. 5.21 (solid
line) and with the current'Eq. 5.27 (dashed line).
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Figure 5.14: The total energy as a function of time for the head-on reaction, as
calculated in the TDDM.



Chapter 6

Conclusion

We have derived an extended TDHF theory, called time-dependent density-matrix
theory (TDDM), from the time-dependent density formalism of Wang and Cassing.
This theory consists of three coupled equations: a TDHF -like equation whose solu-
tions are used as single particle basis, an equation of motion for the occupation matrix
whose diagonal elements are the probabilities of occupying corresponding single par-
ticle orbits, and an equation of motion for the correlation matrix. The equation of
motion for the correlation coefficient consists of three terms which reduce to, in a
perturbative expansion, a Born term, a particle-hole interaction term and a particle-
particle interaction term. This theory formally conserves total energy, momentum

and mass.

By taking the small amplitude limit of TDDM we have investigated the relation
of TDDM with other theories. We found that with the ground state approximated by
the static Hartree-Fock solution this theory reduces to: a)the random phase approxi-
mation (RPA) if we neglect all the correlation matrix elements, b)the second random
phase approximation (SRPA) if we only keep the forward (G,,.+) and backward

elements (G,,1,,) and c)shell model if we only keep the forward elements.

We have applied TDDM to the small amplitude isoscaler quadrupole motion of 60

and 4003.. TDDM gives spread strength distribution which TDHF cannot give. The
g
84
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obtained spreading width is comparable with experiment and shell model calculations
which include both 1p — 1A and 2p — 2h excitations. TDDM’, which excludes higher-
order terms but Born term, does not give any damping of the motions. The higher-

order terms play an essential role in the damping of quadrupole motion.

We also applied TDDM to fusion and deep-inelastic collision of system 10 + 160,
First we found that the low-l non-fusion threshold energy is raised from 54 MeV
in TDHF calculation to 170 MeV. This value is found to be 140 MeV in TDDM'
calculation. This indicates that the higher-order terms are not so important in the
dissipation of translation energy as they are in the damping of quadrupole motion.
These higher-order terms, however, are indispensable in the calculation of the mass
dispersion to maintain the condition that the system is an eigenstate of the total
number operator. In two deep-inelastic collision events (6ne head-on and the other
peripheral) the m;),ss dispersions are found to be much larger than those calculdtéd
in TDHF and of the same order of magnitude as those given by a phenomendlog’ical

transport model.

In the following we discuss limitations and possible extensions of this approach.
TDDM as well as other extended TDHF theories are devised to treat heavy;ion cél-
lisions in the intermediate-energy range where there are two competitive processes:
the mean-field and nucleon-nucleon (NN) collisions. This energy range is roughly
from 10 MeV /nucleon to 100 MeV /nucleon. So far, due to the limitation of compu-
tational power, we have only solved TDDM using a severely truncated single—parficl‘e
basis. This limits the application of TDDM to low energies. Therefore, the future
development of this theory requires overcoming of this limitation. It is also necessary
to apply TDDM to large systems where we can compare the theoretical resulté with
more experimental data. In our calculation there is an ambiguity in the treatment of
the ground state. An effort to find a ground state which is consistent with the TDDM

truncation scheme is necessary. There have been many semi-classical simulations of
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heavy-ion collisions. It is interesting to compare the TDDM calculations with those

calculations, hopefully, to provide some quantal justifications to those semi-classical

methods.
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Appendix A

Strength function

The strength function is defined ag Eq. 4.11

S(w)=3"|<a|V|0> [*6(E — E,,). (A.1)

Here V is the operator which causes the excitation and E, = hw, is the excitation

energy. V is given by Eq. 4.12

V=23 Q(%), Q) =rYs(8). (A.2)

To build the relation between S(w) and the quadrupole moment, we consider the

following time dependent perturbation induced by an impulse external field Eq. 4.5.
As discussed in the text following Eq. 4.5, this is equivalent to the ansatz of boosting

each single particle wave function according to Eq. 4.2 in the first order approximation.

The exact Schrédinger equation can be written as

L0
ih=¥ = (H — ah§(£)V)9. (A.3)

Here H is the unperturbed hamiltonian of the system, V' is given by Eq. 4.12 and ¥

is the time-dependent many-body wave function. Let {¢n} to be the eigenstates of

the unperturbed hamiltonjap

H¢n = 5n¢n- (A4)
87
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We then expand ¥ in terms of {e%~/M¢,}
¥ = 3 an(t)Balt), Balt) = /Mg, (A.5)

Substituting Eq. A.5 into Eq. A.3 and making use of Eq. A.4, we obtain the following

equation:
1) Puin(t) = —ab(t)V Y an(t)®,, (A.6)
Assuming {¢,} to be an orthogonal basis, the above equation can be written as

ida:i"t(t) = —ab(t) ) an(t)e ™t < m|V|n >, (A.7)

where wnm = €, — €. At t=0, the system is at ground state, so
a,.(t = 0) = 6"0. (AS)

We always assume that o is a small quantity, so the first order approximation for

an(t) is (replace an(t) at r.h.s with a,(0))

d“;t(t) = —ab(t)e ot < m|V[0 > . (A.9)

1
The solution of the above equation is
am(t) =ia < m|V|0 > +6,0. (A.10)
So the first order perturbation wave function is
Y(t) = Bo(t) +ia ) < n|V|[0 > 3,(¢). (A.11)

Since quantity V defined by Eq. 4.12 is just the quadrupole moment, we hereafter

replace it with Q. The quadrupole moment we calculate is the following (to the first

order of a)

<Q(t) >

Il

< ¥(@)Q¥e(t) >

= <0|Q0> +2a) | < n|Q[0 > |*sinw,t. (A.12)
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The quadrupole moment of ground state is zero, so | <n|Q|0 > |2 can be expressed
as a Fourier transformation of < Q(t) >. Using relation

oo . . W
/(; sin wt sin w,tdt = 55(10 — wy), (A.13)

the strength function Eq. 4.11 can be express as the Fourier transformation of <

Qt) >
S(w) =

/:o < Q(t) > sin wtdt. (A.14)

wah
It is easy to see that S(w) is independent of « in the linear response limit. A strength

function of similar form was given in Ref. [Cho 87] for monopole giant resonance.



Appendix B

Calculational form of TDDM

B.1 Spin-isospin saturation

In this section we will derive the TDDM formulae used in our numerical calculation
which has taken into account the spin-isospin saturation. The residual interaction

used here,
v = v98°%(ry — 73), (B.1)

does not allow spin or isospin flip. For convenient we write Egs. 2.23-2.26 in following

form

hCopys(t) = Bagrs(t) + D (< aBv|vr > Curos — Capur < vr|v|y6 >)

+F-;5qp - Faﬂ‘yG + F;,yga - Fﬂa&’n (B'Z)
Faﬁy& = Z < A[L"U"YT > (nou\Cﬂ'r&; — nﬂACar6u

ApTr

_nauCﬁTSA - nﬁuCart\J - nTSCaﬁAp)- (B.3)

Here B,g.s is given by Eq. 2.24. Eqgs. B.2 and B.3 do not contain any assumption
about spin and isospin. In th_e/ following discussion let us assume that a). Indices
a,B,7 and § are quantum numbers besides spin and isospin; ). In the left hand
side of each equation there are spin and isospin quantum numbers associating with
each indices, but these spin and isospin quantum numbers are not explicitly shown;

c) In the right hand side of equation the spin and isospin are denoted by symbol

90
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A(a). Since there is no residual interaction between particles having different spin

or isospin, the occupation matrix can be written as

Napg = naﬂSA(a)A(ﬁ). (B4)

The interaction matrices have properties:

<aflvhé> = <aBo|v8 > Saambae)ae) (B.5)
<aBllyé >4 = <aBlvlyé>
(a@amba@as) — Saamba@anm))- (B.6)

For a set of orbital quantum number (a,08,7,6) there may exit up to 44 correlation
matrix elements due to the different spin-isospin assignment. The following are two
of the correlation matrix elements having the same orbital quanfum number but

different spin and isospin (notice the different superscript they bear)

Caprpr D) = A(B) = A(y) = A(S);

Clorer D) = Aly) # A(B) = A(5). (B.7)

Now we can write down the equation of motion for the above two elements without

any spin-isospin content.

zhCIﬁ'ycf = Z(< aﬂlvlvr >C ur-y& ngﬂw < VT|1)")'6 >)
+F [76aﬁ Flos+F I&yﬁa FﬁIaJ-ya (B.8)

Fiﬁ’ﬁ = ,\2: < A[LI’UI‘YT > {naz\(cﬁ-r&p + 305'{'6#)
ur

—'np,\( arép + 3C[1'6u)

_naI‘Cé'r&A - nﬁl‘c’i'r)\b' n"'sC ﬁ)\u}’ (B'g)
ihCIL apys = DBogys+ Z(< aBlvlvr > CHI —CH,, <vrlv|y6 >)
+F”75aﬂ Flos+Fy 5 — Fﬁ;’g‘h, (B.10)
Bagys = 32 <Mulolor > {(8ar — mar) (54 — mgu)npymirs

Apvt
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~MaAgu(8py — Ny )(6rs — nrs)}, (B.11)
Fcf{i‘y& = Z < A[.LI’U")‘T > {nak(oérﬁu + 305'{'6#)

Aut

—nauCéiaA — npuCarzs — nr60¢£{i,\u}' (B.12)

Now define a new quantity, (use the old symbol)
Copys = Cagys + 3Chhns- (B.13)

For a spin-isospin saturation system, we can write down the equation of motion in

term of the spin-isospin free quantities n,5 and Cagys defined above.

ihC.'aﬁ,y,; = 3Bagys + Z(< af|v|vr > Cyrys — Cogur < vrlv|v6 >)

HF sap — Fapys + Figa — Fpasy, (B.14)
Fapys = ?: < Aplolyr >

(gna,\C’ﬁTg,, — 183Carsy — MauCarrs — NrsCapiy)- (B.15)
ihag = ) {Cyspe < aololy8 > —Copqys < véjv|Bo >}. (B.16)

~bo

The other quantities, such as correlation energy and mass dispersion, of this spin-

isospin saturation system have the form

1
Eoo = = Z 4Copys < Y6|v|aB >, (B.17)
2 afyé

oh = 4) nas < Pla>g
ap

+4 Z < a'|a >r< ﬁliﬂ >R (Ca o'l — naﬂ:npa:). (B18)
afa'f!

The above equations are the basic equations we used in the numerical calculation.

B.2 Spherical symmetry system

For the ground state or monopole giant resonance of double-shell nuclei, we always

have a spherical system. In such system the wave function can be separated into
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its radial function part and a spherical harmonic. Therefore, only the radial wave
function need to be solved numerically and the numerical task is greatly reduced. The
numerical effort of solving the equation of motion for the occupation and correlation
matrix can also be reduced by eliminating the summation over the magnetic quantum
numbers. In this section we will start from the formulae of spin-isospin saturation
system derived in last section. Before we make any derivation we list some useful

equations:

4ar . .
'Z'm;ﬁm(rmm(r) =1, (B.19)

Yllml ("A')yizmz ("A') = E

Im

ll lz ) l1 lz l n
( my my, m ) ( 0 0 0 ) Y;m(’f'), (BZO)

[(211 +1)(2, + 1)(20 + 1)] d
47

(24 + 1)(20; + 1)(203 + 1)(2, + 1)]Y/2
i

ll lzl 13 l4l
§(21+1)(0 0 0)(0 0 o)

ll l2 | l l3 l4 l (B 21)
m; m; m ms mg m )’ )

7 ¥ * —
/dQYllml KﬁmZ)lama lymg -

) Jv J2 I h 6L g
ms \ 1 M2 M3 /] \ N3 My —mgy

:Z(_)is+ls+m1+n1‘(2lé+1) jl jz ja
L I I3

l3ns

(ll 2 ks )( b b ), (B.22)
ny ma ng m; Nz —na
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C

In order to have a spherical symmetric density distribution, the occupation matrix

must have the following form

Mg = M(e)i(3)81(a)(8)5m(a)m(s)- (B.23)

With Eq. B.23 and identity Eq. B.19 the one-body density can be written as

1
p(’l‘) = 47r1'2 Z(Zl + l)nl(a)l(ﬁ)ﬁl(a)l(ﬁ)IRl(a)(r)lZ, (B.24)
7¢)

where the time dependence is implicit. Using Eq. B.21 the matrix element < aBlv|yé >

has the form

<aBlvlyd > = <Ua)l(B)lv|l()I(8) >
o) UB) 1\ [ I(~) U6 I
Z(zlﬂ)( (0) (0) O)((g) (0) 0)

Im

(s L) (M ko b,

< a)I(B)oli(m)i(s) > — (2Ha)+1)CUA) + l)iil(v) +1)(2(8) + 1)}/

dr . .
Yo f 72 Py Rigg) Rign) Ruge)s (B.26)

To get rid of the magnetic quantum numbers we define a m-free two-body correlation

madtrix

o) UB) 1\ [ ) U8) I

l —

Caﬂ'76 - 'gl‘:' CaﬂVJ ( m(a) m(ﬂ) m m(7) m(&) m . (B.27)
In the following all the indices no longer contain magnetic quantum number but the
angular momentum and the radius quantum number (i.e. the nodes of the radial

wave function). It is implicit that ny)g) 7 0 only when l(a) = I(B). Now we again

use the old expression, i.e. ngg.

3 Al
thaﬁ.yg =
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(0 ) (1910 1)
+;[< ()(B)|w|l()U(T) > C.ln-—yci ( l((‘)l) l((?) (l) ) ( l((')/) l((;r) (l) )

= <(w)U(7)lo|U(7)U(8) > Ciﬁw( l((;!) l((;r) (ll ) ( l(g) l(‘f) é )]

+ Fl;&xﬂ _ F«ipys + ( Fl;‘yﬂa _ F;aas—y) (- )l(a)+l(ﬂ)+l(7)+l(6), (B.28)
Bigys = 2 <INi(w)lli(v)i(r) >
Auvr
{(bar = max)(8au — Mpu)nuyTirs — naangu(buy — M) (15 — 1rs)}, (B.29)

Flgs= 3 (2 +1)(20" 4 1)(-)HO)

Tl

(Znamwt(u)w( )i(r) > )Oé’;sx—)’*”’*""{ lz((‘fs‘)) ﬁﬁfi f'}

,-——|

{l(ﬂ) () v }(z(a) I(7) t')(l(g) ) l’)

v) I(r) " 0 0 0 0

- (Z nea < (Ao li(1)i(r) >) CS;.;A—)"'*"”{ raR s }
{a) (&) U (@) 1 I (v) () U

Ui 1 e ) (9 b
(s ctomonaone) i 1 1 1)
Iv) =) U (B 1 A lwv) ) U

L i e (D ()

= X < MO > Cl,,

(l(u) I(r) é) (l(;) 1(8) 1 ) (B.30) |

0 0 0 0 0O
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The time derivative of occupation matrix is
A4

ilifiag

= )T | L (E) >

>t (t(a) (o) 0)(!(7) 1(5) z)%d

0 0

— < UBIB() > T(20+1)

l

(@ ) (1 ) Ve, ] (B.31)

The correlation energy

Ecore = —Z <) li(e)l(B) >

aﬁ'y&

(9 1)(9 4 e

, 0 0
(B.32)
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