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ABSTRACT

An Analytical Theory of Arbitrary Order Achromats and Their Applications

By

Weishi Wan

An analytical theory of arbitrary order achromats for optical systems with mid-
plane symmetry is presented. Besides repetition of cells, mirror symmetry is used
to eliminate aberrations. Using mirror imaging around the x-y and x-z planes, we
obtain four kinds of cells: the forward cell (F), the reversed cell (R), the cell in which
the direction of bend is switched (S), and the cell where reversion and switching is
combined (C). Representing the linear part of the map by a matrix, and the nonlinear
part by a single Lie exponent, the symplectic symmetry is easily accounted for and

maps are easily manipulated.

It is shown that, independent of the choice and arrangement of such cells, there is
a certain minimum number of conditions for a given order; for example, this number
is five for the first order, four for the second order, fifteen for the third order, fifteen
for the fourth order, and thirty-nine for the fifth and sixth orders. It is shown that the
minimum number of cells necessary to reach this optimum level is four, and four of
the sixty-four possible four-cell symmetry arrangements are optimal systems. Various
third-, fourth- and fifth-order achromats are designed and potential applications are

discussed.
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Chapter 1

Introduction

1.1 The Map Method in Beam Physics

In the past six decades, accelerators and other beam optical systems have gone
through tremendous improvements [Wied93]. The energy that can be reached by
accelerators rose from a few MeV to 2 TeV [Law32, Dugan91, Finley91]; and the
beam spot size in the Stanford Linear Collider has been decreased to 75 nm x 1
pm [Schwar94]. All these improvements come from the detailed knowledge of the
motion of charged particles in electromagnetic fields, which is governed by a system

of first-order ordinary differential equations (ODEs)

| &

Z = f(2,1). (1.1)

o

t

Since in general the ODEs are nonlinear and complicated, computers become a
very useful tool in solving the ODEs numerically. Through the years, there have
been mainly two ways to do this: The ray tracing method and the map method.
The basic feature of the ray tracing method [Gordon59] is to send mahy particles
through a numerical integrator derived from the ODEs (for example, a Runge-Kutta
integrator), and obtain the final positions and angles of all particles. By studying

the distribution of the particles in the phase space (at a fixed position around the




reference orbit, called Poincare section), the dynamic behavior of the beam is studied.
Two examples for the different computer codes are RAYTRACE [Kowal85], which is
used for spectrographs, and TEAPOT [Tal87], which is used for repetitive systems,

especially synchrotrons.

Although ray tracing is conceptually simple, it is time-consuming and does not
readily provide the direct links between the final and initial coordinates. The map
method, on the other hand, focuses on finding the analytical relation between the fi-
nal and initial coordinates through solving the ODEs. Once these relations, functions
between the initial and final coordinates are obtained (the transfer map), all informa-
tion about the particle motion is known. Therefore, major efforts have been devoted
to find the map of the ODEs. It is customary and advantageous to use curvilinear
coordinates along a reference particle, such that other particles are always close to

the origin and the map is origin preserving. Hence, perturbation theory has been the

major tool for solving the ODEs.

Since all particles stay close to the origin, the nonlinearity in the map is weak.
This is why the map can be approximately represented by a truncated Taylor series.
With orders typically reaching ten, an accuracy in the range of 10 digits can be
achieved. The coefficients in the Taylor series, except 0zs/0z;, Oas/Da;, etc., are
called the aberrations. A intuitive way to obtain the aberrations is to numerically
differentiate the data of the ray-tracing output, like in the code MOTER [Thiess72],
where certain low-order derivatives can be extracted. Yet this method of obtaining
the derivatives is rather cumbersome and limited, due to the loss of accuracy resulting
from the numerical differentiation. This is the main reason for the development of

the map method.

Furthermore, for our convenience, the arc length of the reference particle, rather

than the time, is used as the independent variable. As a result, the phase space



variables are z, p,, y, py, t, and E. Therefore, the ODEs are transformed to

hy

d -
Zs'x, = f(Z,3). (1.2)

In order to keep the variables small and simultaneously canonical, a new set of
variables, z, a, y, b, At, and 6k, are used in computer codes like COSY INFINITY
[Berz93] and also in this thesis, where a = p;/po, b = py/po, At = (t —to)voy/(1+7),
and 6x = (Er — Exo)/Ero- Note ~th::m: all quantities with subscript 0 are associ-
ated with the reference particle. In these coordinates, the map is denoted by M =

(mg, My, My, My, My, ms), where

Ty T,
ayr a;
Y5 | _ a7 Yi
by =M b | (1.3)
Atf At
&5 &;

When m, is written as a Taylor series, the coeflicient of the term xf’af"y:-.” b ALS is
represented by (z|z*=a’sy'vb® At*§'). The same rule applies to the other functions.
For example, (z|z) is the coefficient of term z; in m, (8z/dz;), which is the magni-

fication; (a|z) is the coefficient of term z; in m,, which is the defocusing power; and

(z|a?) is the coefficient of a? in m,, which is the second-order opening aberration.

For circular machines, the picture of aberrations can not describe the key aspects
of particle motion conveniently, because they are averaged out over many turns, with
only the ones with the same periodicity as the motion being important. Therefore,
instead of magnification, focusing power, and aberrations, the concepts such as tunes,
betatron functions, and resonances are used to describe the motion in a circular
machine. Generally speaking, the tunes (T') are defined as the remainder of the

number of periods of the motion in one plane over the number of turns, which is



a measure of the entire motion, including the nonlinearities [Berz92a]. To the first

order, the tune of the ith component is
T; = arccos(Tr(L;)) /2, (1.4)

where L; is the linear matrix of one turn for the ¢th componant and T'r(L;) is the
trace of it. The tunes of the transverse motion are called the betatron tunes and the
tune of the longitudinal motion is called the synchrotron tune. In this thesis, only

betatron tunes (T, and 7)) are relevant. When the relation
T, +mT,=n (I, m, and n are integers.) (1.5)

holds, the motion is said to be on an (I + m)th order resonance. As shown in Section
3.3, there are always aberrations which grow exponentially under this resonance,
called the driving terms of the resonance. A motion which is on a resonance with
nonzero driving terms is unstable and the particle will eventually hit the wall and
get lost. Since there are infinitely many resonances, virtually every particle will be
lost after a long time. Practically speaking, particles are only stored in a machine for
a certain period, which means that mostly the low-order resonances are important,
because they cause the growth of certain lower-order aberrations, which are initially

bigger than higher-order aberrations.

After the development of the theory of the alternating-gradient synchrotron [Couri~'!

é

large synchrotrons took the center stage of high energy accelerators; the map method
has been developed with this. Currently there are dozens of various computer codes in
use, ranging from first-order codes like COMFORT [Wo0d83] and SYNCH [GarrenT75].
to second- and third-order codes based on explicit formulas, like TRANSPORT
[BrownT73], MAD [Iselin85, Iselin88], DIMAD [Serv85], TRIO [Matsuo76], GIOS [Wolls7 .«
and MARYLIE [Dragt85], to higher-order codes of the same approach, like COSY 5.0



[Berz87a), and finally to arbitrary-order codes that do not rely on explicit formulas,
like TLIE [Zeijts92], ZLIB [Yan90], and COSY INFINITY [Berz90, Berz93]. It is
worth noting that it is possible to compute transfer maps of an arbitrary order af-
ter the emergence of the differential algebraic (DA) techniques [Berz89]. Among the
high-order codes (beyond the third-order), COSY 5.0 is a fifth-order one, and the
rest are all DA codes. Of all the DA codes, COSY INFINITY is the first and, up to
now, probably the most general code. It has been shown through the history of the
code development that DA techniques are probably the only practical way to obtain
the transfer map of an arbitrary order. Therefore, they should be discussed in more

detail.

Without involving too much mathematics (see, for example, [Berz90, Berz92b]),
the differential algebraic techniques can be viewed as a way to solve the ODEs to
an arbitrary order in one attempt without loosing accuracy. The keys are, first, that
the arbitrary-order Taylor expansion of a large class of functions, whose variables
are Taylor series with constant parts, can be obtained through a finite number of
operations; second, that Taylor expansions of all functions are done simultaneously,

instead of the traditional way of obtaining higher-order solutions through lower-order

ones.

Since it is only necessary and possible to obtain a finite number of terms from
the Taylor series of a function, the truncation order n is always specified when Taylor
expansion is done, and terms of higher orders are neglected. Therefore, infinitely often
differentiable functions, including f of the beam optical systems, can be expanded
around any given point, and the expansion up to order n can be obtained by a finite
number of additions and multiplications, even when f is complicated. Together with
addition, multiplication, and differentiation of polynomials, expressed in the space of

polynomials up to order n and properly implemented in computers, the ODEs can



be solved with a DA-based numerical integrator where the values of the phase space
variables are replaced by the DA vectors containing the constants and derivatives of
those variables. At the end, the soiution contains not only the final values but also
all derivatives up to a certain order, which are the aberrations in the transfer map.
It is worth noting that in the code COSY INFINITY, the integrator is a modified
eighth-order Runge-Kutta integrator with automatic step size control to ensure that

the accuracy of the solution is compatible with the specific order.

When the electromagnetic field in a beam optical system does not change lon-
gitudinally, there is a much quicker way to solve the ODEs using the so-called flow

operator. In this case, f in the ODEs does not depend on s, which leads to the result

that the transfer map is
3 = exp((s - s)L )T, (16)

where Ly= f V is the flow operator, and [ = (zi, ai, ¥i, b, At;, 6;). Thus, the map
is obtained after only one step. Note that when f represents a Hamiltonian system,

the flow operator L ¢ becomes a Lie operator similar to that discussed in Section 2.1.

The DA techniques offer a power tool to study beam optical systems, includ-
ing tracking through a high-order map, map manipulations such as composition and
inversion, computing generating functions and Lie factorizations, studying parame-
ter dependence of certain quantities [Berz92c|, and suppressing resonances through

normal forms [Berz92a, Berz92b, Berz93).

1.2 An Overview of Achromats

The search for achromats up to a certain order has generated substantial interest

for the past two decades. Here an achromat is defined as a beam optical system



Order 1 2 3 4 5
Aberrations 6 30 70 140 252
Independent aberrations | 6 18 37 65 110

Table 1.1: The number of aberrations of orders 1 to 5 for a system with midplane
symmetry. The interdependency of aberrations comes from symplecticity, which is a
property of a Hamiltonian system.

whose map of the transverse motion is free of aberrations up to a certain order. The
advantage of achromats is that all aberrations of the transverse motion are cancelled,
as are all aberrations of the longitudinal motion except (¢|6"); hence, an achromat
transports charged particles without distortion of the transverse motion. This is why
first- and second-order achromats have been so widely used in accelerators, storage
rings, and beam transport lines. Last but not least, this is also an interesting and

challenging problem from a purely theoretical point of view.

Since midplane symmetry has been employed in most of the beam optical systems,
cancelling hélf of the transverse aberrations, all achromat theories consider only sys-
tems with midplane symmetry. Table 1.1 lists the number of aberrations that have
to be cancelled for achromats up to the fifth order. It shows that the number of
independent aberrations grows so rapidly with increasing order that even up to only
the second order it is unrealistic to obtain an achromat by providing each aberration
with a knob. Therefore, the challenge is how to achieve an achromat with as few

knobs as possible.

Due to their simplicity, first-order achromats have been widely used, especially the
partial achromats wheré only dispersion is corrected. If we exclude the techniques of
dispersion matching and the dispersion suppressor (see, for example [Wied93]), there
are basically two ways of obtaining a first-order achromat, namely, through mirror

symmetry and repetition. The principle of a mirror symmetrical first-order achromat



Figure 1.1: The principle of a mirror symmetrical, first-order achromat. The condi-

tions are the cancellation of (alé), (a|z), (z|a), (bly), and (y|b) in the middle where
the vertical line lies.

is illustrated in Fig. 1.1. When (a|z), (z|a), (bly), (y|b) and (a|é) vanish in the
middle, mirror symmetry entails that the total first-order map is I (here I stands for

the identity map).

Mirror symmetrical achromats are mainly used as building blocks of synchrotron
light sources [Jack87] due to the low equilibrium emittance achieved (see, for exam-
“ple, [Wied93]). As examples, the lattices of the Advanced Photon Source (APS) at
Argonne National Laboratory (ANL), and the Advanced Light Source at Lawrence

Berkeley Laboratory (LBL) are shown in Figures 1.2 and 1.3, respectively [Murphy92].

As shown in Section 3.2, any repetitive system with integer tunes is a first-order
achromat. Since a repetitive first-order achromat (except a 3-cell system) cancels
all second-order geometric aberrations, it has been used for bending arcs of various
synchrotrons and storage rings, especially as a 180° bending arc of a racetrack lattice

[Serv83, Serv83, Litv93, Wu93a, Wu93b]. Fig. 1.4 presents the lattice of the Duke



ANL APS

o N o wn o )

o~N
] [w] SNOWONNS INIHOVN

o~ -— ~—
[w] SNOLLONNS INIHOVN

—
Z
<
=
w2
o -
¥ v T M M
. [} =
! H = T T
/ ; wn Sy .
4 o ]
|||||| 4 Seme o~ ° \- i
\' - \.\..I [S] V) ﬁ
,\.'\-.\r\."l .um A“““‘ .I.I\.I
. -~ - n m < ———— g
e ~ — ’ ~~ .
\.\ LY r~— - - . ” ~ ~
-7 NV /, L m- < \.\. & \
2 - V/\'\\ T) = » -~ & _
............. - P -
S — _mv.. o i . =
ll-l’-"-lﬂ. -— ~ [y '..-
ﬁ-‘tl.l.-o "", m Q - o« ome IV """
S - II o g A m .I.I. II
~. ] - e} - e ? b
~ -— a2 . ,
°~, - o =1 ~. .
I.I - - L ~, —— - L
- I-.v.l..".” - e R V.l.l.l.l\ o
=T - n L .- ~ 7 =
lll— ' ..w / \
h y
A 1 o i <1 o 4
Dk P o o () . .
e 2
1 1 e n O v © Ww o o
N
—
()]
=~
=]
i=Ty]
. p—
£

10 15 20 25 30
DISTANCE [m]

5
Figure 1.3: The Triple Bend Achromat lattice of the ALS at LBL.



10

. BEAM_DIRECTION

P13847409202

SK-4 FIL

g
u
m
¢
H
>
9 T Hmmhﬂ P
40 1dvis
: in
: 0
.
h 7
N i R
o "
]3 i

EaR §=l BUNCHERY |, - o
~:Lw o j LNOULATORY. it 38 M unouLaToR ‘;1:,
hd v : > [ EPTIN
s A“%-l o u 3SOUTH STRAIGHT SECTICN o
C4 s 26865 M . Z /8 = 16365 W
{3RBIT JRCUMFERENCE. = = 07 46 ) ¢ — ;
-e LILDNG
T T T T T T
= 20 R R
g -8, K 3
At i ; : . 3
M . L NS oA
3 10 R NS : 0N N iy 3
u:?s...‘,.“".§..~«‘»;/“ AN R NN
E R | VT N A L) LT
o AR 0 T SRR ey
[} 20 10 ] 80 100
s (m)

Figure 1.4: The layout and lattice functions of the Duke FEL storage ring, where
each arc is made up of 10 FODO cells, with phase advances per cell chosen as ¥, =
(3/10)27 and ¢, = (1/10)2~.

FEL (Free Electron Laser) storage ring.

Although the concept of first-order achromats had been widely used in various
beam optical systems and accelerators for a long time, it was only in the 1970s that a
theory developed by K. Brown enabled the design of realistic second-order achromats

in a systematic and elegant way [Brown79, Brown82a).

The theory is based on the following observations. First, any system of n identical
cells (n > 1), with the overall first-order matrix equaling unity (I) in both transverse
planes, gives a first-order achromat. When n is not equal to three, it also cancels
all second-order geometric aberrations. Second, of all second-order chromatic aberra-
tions, only two are independent. Therefore, they can be corrected by two families of
sextupoles, each responsible for one of them in each transverse plane. These findings
make it possible to design a four-cell, second-order achromat with only one dipole,
two quadrupoles and two sextupoles per cell. Detailed studies on this theory will be

shown in Section 3.2.

Because of its simplicity, the second-order achromat concept has been applied to
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the design of various beam optical systems such as the time-of-flight mass spectrom-
eters, both single-pass(TOFI) [Wouter85, Wouter87] and multi-pass(ESR) [Woll87b,
Woll87c], the Arcs of the Stanford Linear Collider (SLC), the new facility at SLAC,
the Final Focus Test Beam [Brown85, Brown87a, Brown87b, Schwar94], and the MIT
South Hall Ring (SHR) [Flanz89a, Flanz89b).

Since it is hard to generalize the second-order achromat theory to higher orders,
the first third-order achromat theory was developed by Dr. Alex Dragt based on
normal form theory and Lie algebra [Dragt87]. According to the theory, a system of
n identical cells is a third-order achromat if the following conditions are met: (1) The
tunes of cells T, and Ty are not full, half, third or quarter integer resonant, but n7,
and nT, are integers. (2) The two chromaticities and five independent third-order

aberrations are zero. Details of the theory will be discussed in Section 3.3.

Two examples of third-order achromats have been designed. The first design was
done by Dragt himself, containing thirty cells with T, = 1/5 and T, = 1/6. Each
contains ten bends, two quads, two sextupoles and five octupoles. The whole system
forms a 180° bending arc. The second design was done by Neri [Neri91]. It is a
seven-cell system with only one bend per cell, with the total bend also being 180°.
The tunes of a cell are T, = 1/7 and T, = 2/7, which seems to violate the theory
because of the third-order resonance 2T, — T, = 0. However, the achromaticity can
still be achieved because the driving terms are cancelled by midplane symmetry (see

Section 3.3). This approach greatly reduces the number of cells.

Similar to Brown’s theory, the Dragt theory cannot be immediately used to find
arbitrary order achromats in such a way that the number of the cells in a achromat
is independent of the order. The main reason is that for any given order, the tunes of
a cell have to be specially chosen such that most, if not all, of the resonances up to

one order higher are avoided. Thus the number of system cells has to be the smallest
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NEEE

Figure 1.5: The geometric relationship among cells F, R, S, and C illustrated by
asymmetric boxes.

number possible that makes both tunes of the whole system integers, which depends
on the order and usually increases quickly. A second reason is that as the order
increases, the difficulty of obtaining an analytical formula increases rapidly because

of the complexity of the Baker-Campbell-Hausdorff formula.

Our approach for a general achromat theory does not use the normal form method
and avoids the resonance concern by introducing mirror symmetry to cancel more
aberrations. With these considerations, we are able to study systems with arbitrary
numbers of cells and obtain solutions that are independent of the arrangements inside
a cell. Because of their simplicity, Lie transformations are used to represent symplectic
maps, but instead of an order-by-order factorization, we use a factorization formed
by a linear matrix and a single Lie operator, describing the linear and nonlinear parts
respectively. The introduction of mirror symmetry makes it possible for us to obtain
four total kinds of cells: the forward cell (F), the reversed cell (R), the switched cell
in which the direction of bend is switched (S), and the cell in which reversion and

switching is combined (C) (Fig. 1.5).

This thesis is organized as follows: The Lie representations of symplectic maps are
discussed in Chapter 2, including the definition of a Lie operator, various methods of
Lie factorization, and the Baker-Campbell-Hausdorff formula. As a comparison to our

achromat theory, the theories of repetitive achromats up to order three are presented
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in Chapter 3. In Chapter 4, the analytical theory for arbitrary order achromats is
studied with a detailed proof provided for every theorem. Chapter 5 consists of four
example designs of achromats of orders three to five. Also presented are studies on
various aspects of the nonlinear dynamical behavior of those examples. Finally, a

summary concludes the thesis.



Chapter 2

The Lie Representation of
Symplectic Maps

In the following chapter the Lie representation of symplectic maps, developed by
Dragt and Finn [Dragt76, Dragt81] is outlined, proceeded by the introduction of Lie
transformations and symplecticity. Only the results closely related to the achromat

theory are presented.

2.1 Lie Transformations and Symplecticity

First, let us review the definition and basic properties of the Poisson bracket, since a

Lie transformation is defined based on the Poisson bracket. On a phase space R*™

with variables (q1, ***, gm, P1, -**, Pm), & Poisson bracket of functions f and g is
defined as
=, 0f8g 0fdg, <. : o
gl = — = _ L )\=Vf.J.-Vg, 2.1)

[£,9] ;( 9a0p: ~ Bpiog) = V1 g (
where

= 0 of Of 0

opod oo of

6q1’”"@’8p1"”’apm)

14
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and J is an antisymmetric 2m X 2m matrix

: 0 1
= . . 2.2
1= ¢) 22)
As an example, note that
L, L) = J3, (2.3)

where I = (g1, ***y Gms P1, - -+, Pm) and Jy; is the (¢5) element of the matrix J.

It is well known that Poisson brackets have the following properties:

[f,9+ k] = [f, 9]+ [f, ], (2.4)
[f,tg] = t[f,g] where t is an arbitrary constant, (2.5)
[f,9h] = [f, 9]k + g[f, R], (2.6)
[f, g, k11 + [g, [R, £1] + [, [£5 9] = ©. (2.7)

With the Poisson bracket defined as the multiplication on R?™, the space of functions

on R?™ form a Lie algebra.

For any function f on R?™, a Lie operator : f : acting on another function ¢ on

R*™ is defined as

:fig=1[fg. (2.8)
The zero power of : f : is defined as

:fPg=g (2.9)
and the square of : f : is

f2g=1f1f.9]; (2.10)
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with higher powers being defined in the same way. Similar to the Poisson brackets,

Lie operators have the following properties:

:fi(g+h) =:f:g+:f:h, (2.11)
: f:(tg) = t:f:g, wheretis an arbitrary constant, (2.12)
1 fi(gh) = (f:gh+g(:f:h), (2.13)
fugih—igufih =:[f,g:h (2.14)

Note that, with the multiplication defined as
ifixigi=fugi—igunfyy (2.15)

the Lie operators on R*™ form another Lie algebra.

A useful relation that : f :™ obeys is the Leibniz rule

fram) =3 (1) 6rm ks m, (2.16)

m=0 m

where

(5) =

To prove it, the mathematical induction method is used. First, for n = 1, we have
:fi(gh)=(f:9h+g(: f:h)

which satisfies eq. (2.16). Second, for n — 1, we assume eq. (2.16) holds. Third, for

n, we have

FAeh) = f (S (gh)
= (S (MRt ) esmae e )

m=0

- Zil("‘1)<:f:m+lg><:f:"-l-*nh>

m
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n-1

+Z(";1)(:f=m9)(:f:"-mh)
= 3 (nZh)ermaeremn

+5 (") ermaes e

> ( n ) (: f ™ g)(: f ™ h),

m=0

which concludes the proof.
A Lie transformation associated with a function f on R*™ is defined as

1
nl’

exp(: f ) i (2.17)

To avoid the subtle questions connected to the convergence of a Lie transformation,
where even the definition of the norm is not clear, we require that f is a polynomial of
orders 3 and up, expansion is always truncated at order n, and the functions, on which
the Lie transformation acts, are also polynomials. Since no infinite series is involved,
the conclusions are completely rigorous. On the other hand, due to the fact that n is
an arbitrary natural number, this approach does lose generality. Practically speaking,
this is always the case for the DA maps, which makes this treatment fit perfectly to

the implementation of the Lie transformation. Therefore, the new definition of a Lie

transformation is:

exp(: f:) = il cf : (2.18)

1—0

Lie transformations have the following properties:

exp(: f :)(g 4+ k) =n exp(: f :)g +exp(: f :)h, (2.19)

‘exp(: f :)tg =n texp(: f :)g, (2.20)
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exp(: f :)(gh) = (exp(: f :)g)(exp(: f :)h), (2.21)
exp(: f :)[g, h] =x [exp(: f :)g,exp(: f Al (2.22)
The proof of eq. (2.21) makes use of the Leibniz rule (eq. 2.16):

(exp(: f :)g)(exp(: f :)h)
() (B

~ (B(Za s )

~ (EHE (L) rmor)

- IZ%f’ (gh) (Leibniz rule)

=n exp(: f :)(gh). (2.23)

Equation (2.22) can be obtained directly from eq. (2.21).

Now let us look at a Lie transformation acting on a polynomial

9(q1, s Gmy D1y -+ Pm) = 2 Qigy osipm q;‘ll . q:;mpipl .. .pigm, (2.24)

tq1itgmatpy o iom

where ig, + -+ + i, +1p, + - +ip, < n. Using egs. (2.19) and (2.21) repeatedly, we

obtain

exp(: f:)g =n exp(: f:) ( > Gig roiipm B+ G DY - --pi,‘:"')

iql 7"'1iqm ’iPl 1"‘1ipm

=, Y g &P )@ g P

gy 1 *s8qm 1tpy 1 ipm

=p Z a,-ql,...,,'pm(exp(: f :)ql)iql oo (exp(: f :)qm)iqM

tqy s Htamstpy o ipm
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(exp(: £ Ipu)i7 - (exp(: £ Jpm)o

=n g(exp(: f :)a1, - exp(: f )gm,exp(: £ :)p1,- -+, exp(: f :)Pm)s

which leads to the following important theorem:

Theorem 2.1 If f is a polynomial of order 3 or higher on R*™, and g is an arbitrary

polynomial, then we have

“exp(: f :)g =n glexp(: f )I), (2.25)

where

exp(: f :)f:n (exp(: f g1, ,exp(: f :)qn,exp(: f )qu,---,exp(: f :)gn). (2.26)

Theorem 2.1 is ready to be generalized to the case where g is a polynomial of a

map M. Thus, we have the following theorem:

Theorem 2.2 If M is a map and g is an arbitrary polynomial on R*™, then we have

exp(: f )g(8) = glexp(: £ :)30). (2:27)

Theorem 2.2 is probably even more important than Theorem 2.1 because in most
cases, the linear map of a system is unity. Therefore, it is the one which is used

directly and very frequently in Chapter 3 and 4.

Another useful concept is symplecticity. A 2m dimensional vector function M is

symplectic when its Jacobian matrix Jac(l\-/j ) satisfies

Jac(M) - J - Jac(M)t = J. (2.28)
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This kind of function is important in that the transfer map of a Hamiltonian system is

always symplectic [Gold80, Arnold89]. Symplectic maps have the following properties:

[F(M), g(M)] = (£, 9])(M), (2.29)
det(Jac(M)) =1, (2.30)
Jac(M o N - J - Jac(M o N)! = J, (2.31)
Jac(M™1) - J - Jac(M™') = J, (2.32)

where M and N are symplectic maps and “o” denotes the composition of two func-
tions. Equations (2.29) and (2.31) can be proven using the chain rule of derivatives.
The proof of eq. (2.31) can be found in reference [Dragt81]. Since the Jacobian of

M~ is the inverse of that of M , We obtain

Jac(M~1) . J . Jac(M™1)!

= Jac(M)™! - J - (Jac(M)™!)t

= Jac(M)™ - J - (Jac(M)™1)!

= (Jac(M)t - —J - Jac(M))™}

= (=)

=J,
which shows that M-1 is also symplectic (eq. 2.32). Equations (2.31) and (2.32)
indicate that, with the composition “o” as the multiplication, symplectic maps form

a group.

From eq. (2.21), we have

lexp(: f )L, exp(: f )] (2.33)
=n exp(: f )L, Ij] (2.34)
=n exp(: f :)Ji; (2.35)

=n Jij, (2.36)
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which leads to the following theorem:

Theorem 2.3 If a map M on R*™ has the form M =, exp(: f )f, it is symplectic.

In the next section, it will be shown that any symplectic map can be represented

by either one or a series of Lie transformations up to an arbitrary order.
Next let us study the composition of exp(: f :)g(I) and map M. Note that this

operation plays a key role in the development of achromat theories.
Theorem 2.4 If a map M on R¥™ is symplectic, we have

(exp(: f :)g) o (M) =y exp(: f(M) :)g(M). (2.37)
If a map M on R*™ is antisymplectic, i.e., Jac(M) - J - Jac(M)t = —J, we have

(exp(: f )g) o (M) =, exp(— : f(M) :)g(M). (2.38)

Proof:

First assume that M is a symplectic map, which implies that a Poisson bracket is

an invariant under the transformation M (eq. 2.29), i.e.:

[f(M), g(M)] = (f, g])(M).

The rest of the proof is straightforward:

exp(: £(3) :)g(3)
= 9(T) + [F(), g (D)) + 317 HD), (D), g ()] + -
=0 (V) + (1, gD (0) + SL7OD), (1F, ) ()] 4 -
= () + (1, sl (1) + (15, [f, ) (T) + -

=n (exp(: f :)g) o (M).
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In the case of M being antisymplectic, the proof is basically the same except that

the Poisson bracket changes sign under the transformation, i.e.:

[f(M),g(M)] = —([f, g])(M). (2.39)
Therefore we obtain

exp(~ : () :)g(4)
= () — [F(31), g (VD)) + SL7(AA), L7 (1), g )] + -
= () + (Lf, ) (1) + SLA(OT), ~(1, ) ()] 4 -
= 9(81) + (1F, ) (1) + (U1, F, o)D) + -

=, (exp(: f :)g) o (M),

which concludes the proof.

2.2 Lie Factorizations

In this section, proofs are given for the fact that any symplectic map can be repre-
sented, up to a given order, by a product of Lie transformations, which is referred to
as a Lie factorization. Various methods of Lie factorization are presented, including

Dragt-Finn factorization [Dragt76] and the single-exponent factorization.

Theorem 2.5 Let M be a symplectic map on R*™. Then, to an arbitrary order n,
there exists a matriz L and homogeneous polynomials fs, fs, - -+, fay1 of orders 3, 4.

- and n + 1, respectively, such that

M =, (LD)o (exp(: f3:)I) o (exp(: fa ) ) o--- 0 (exp(: fasr :)]). (2.40)
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Note that L is simply a matrix; LI, on the other hand, is the linear map, which
is a set of functions. Similarly, exp(: f :) is just an operator while exp(: f )f is the

map generated by it.
Proof:

The induction method is used.

(1) The second order:

Define M; = (L"'I) o M and Ny = M; — I. According to eq. (2.31), M, is
symplectic. Besides, note that Ml = I and 1\72 contain terms of orders two and up.
Suppose M, =, exp(: f3 )f We have

My, = T+ [fs, 1) =2 =Vfa-J,

which entails that

A

ﬁf‘g -2 —(Ml —-I-)j =2 —Nl J
On the other hand, the symplecticity of M, gives

Jac(My) - J - Jac(My)! = J,
= (I +Jac(Vy)) - J - (I + Jac(My)}) = J,
= J+ Jac(Ny)J + JJac(My)t =, J,
= Jac(N1)J =, (Jac(Ny)J)t. (2.41)
Here, Jac(ﬁl) J- Jac(ﬁl)t is eliminated because it contains terms of orders two and

up. According to the potential theorem [Meyer91], there exists a function f, which

satisfies V f =g, if and only if § satisfies

99 _ 99;
0z; Oz’ (242)

Therefore, eq. (2.41) shows that f; does exist.
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(2) The (n — 1)st order:

Assume that the theorem holds, i.e.:

M =,y (LT) o (exp(: fs :)]) 0 --- o (exp(: fa :)D).

(3) The nth order:

Define

M,y = (exp(: fu )l o---0 (exp(: f3:) )t o (L") o M.

=y

Hence M,_; =,_, I. According to Theorem 2.3 and eq. (2.31), M,,_; is symplectic.
Now define N,_; = M, _1 — I. Note that N,_1 contains terms of orders n and up.

Suppose M,_; =, exp(: fat1 )f Similar to the second-order case, we have

Mn—l =n f'+ [fn+17[-] =n —ﬁfn+1"j-

Since Jac(N,_;) contains terms of orders (n — 1) and up, the symplecticity of

p—y

M, _; entails that

Jac(Nasy)d  =no1 (Jac(Nn_q)J).
Hence f,41 exists. Fin;ally, it has been proven that

M = (LI)o(exp(: fs:)) o (exp(: fa:)I) o+~ o (exp(: fasr )1,
which concludes the proof.

Using Theorem 2.4 repeatedly, eq. (2.40) can be written into
M =, exp(: fas1 :)exp(: fn:)---exp(: f3 ML), (2.43)

where exp(: f; :) (: = 3,---,n + 1) are operators acting on functions obtained from

previous Lie transformations. Please note the difference between exp(: f )exp(: g )f
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and (exp(: f :)I) o (exp(: ¢ ). In the former expression, exp(: f :) acts on the
map exp(: ¢ )f, in latter expression, exp(: f :) and exp(: ¢ :) act on the unity
map I separately, and the resulting maps exp(: f )f and exp(: g )f are composed

afterwards.

It is worth noting that M can also be expressed in the reverse order, where

M =, (exp(: fay1 :)I) o (exp(: fn )) 0--- 0 (exp(: f5 :)I) o (LI). (2.44)
The proof is the same except that M; is defined as
M; = Mo (L™I)o (exp(: fs:)[)™ o0 (exp(: fiy1 :)I)".

The next theorem shows that it is also possible to represent a symplectic map

using a single Lie transformation.

Theorem 2.6 Let M be a symplectic map on R?™. Then to an arbitrary order n,

there exists a matriz L and a polynomial H of orders 8 and 4, up to n+ 1, such that

=n (L) o (exp(: H :)I). (2.45)

Proof:
First, define M, = (L") o M.
(1) The second order:

From the proof of the last theorem, we know that there exists a function f3 of

order 3 satisfying
Ml =, exp(: f3 )f

(2) The third order:
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Suppose there is a function f of order 4 such that

My =5 exp(: fs+ fa:)l
= I+ [f3+f4,-f]+ [fs + fa, [fs + fa, 1))
= I+ [fsa-f]'*' (£ Ufs ] + [far 1)
=5 exp(: fa )T + [fa, ]]
=3 exp(: fs:)[+Vfs-J. (2.46)
The removal of f4 from [fs + f,[fs + f1, i]] is due to the fact that f; is of order 4;
hence [fs, [, 1]] and [f4, [fs, I]] give fourth-order terms.
Now define N; = M; — exp(: fs :)I, which contains terms of orders 3 and up.
Thus from eq. (2.46) we obtain
Vie =3 —(M —exp(: f3:)I)- J
Since M, is symplectic, we have
Jac(My) - J - Jac(My)! =, J
(Jac(Ny) + Jac(exp(: f3:)I)) - J - (Jac(Ny)! + Jac(exp(: f5 :)I)?) =3 J,
= Jac(Ny)-J- Jac(exp(: fs :)I)! + Jac(exp(: fs :)I) - J - Jac(IVy)F,
+Tac(exp(: fa )1)) - J - Jac(exp(: fo )1 = J,
= Jac(Ny) - J - Jac(exp(: fs :)I)! + Jac(exp(: fs :)I) - J - Jac(IV;)t =, 0,
(exp(: f3 )f is symplectic.)
= Jac(Wy)-J It 4. Jac(M)) =0,
(Jac(Ny) is of orders 2 and up.)
= Jac(INy)J =, (Jac(Ny)J)..

Therefore f4 exists. Choosing H = f3 + f4, we have

M =3 (LI) o (exp(: H :)I).
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(3) The (n — 1)st order:
Assume that the theorem holds, i.e.
M ;n_l (L) o (exp(: H :)]), |

where H = fs+ fo + -+ + f,.

(4) The nth order:

Suppose there is a function f,4; of order n + 1 such that

Ml =, exp(: fat+ fa+ -+ fanr )f

A

=, exp(: fa+ fa+---+ fn :)f+ §fn+1 - J. (2.47)

Define Nn_l = Ml —exp(: H )f, which contains terms of orders n and up. Thus

from eq. (2.47) we obtain
Vis =n —(M —exp(: H))- J
Similar to the third-order case, the symplecticity of M; gives
= Jac(Npo1)J =n_ (Jac(Naoq)J)Y,
which implies that f,1; exists. Choosing H = f3 + f; + --+ + fn41, we have
M =, (LT) o (exp(: H :)1),
which concludes the proof.

Note that the proofs for the above factorization theorems provide algorithms for
obtaining the Lie factorization of arbitrary orders. In practice, they are used by

Differential Algebraic codes such as COSY INFINITY [Berz93)].
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2.3 The Baker-Campbell-Hausdorff Formula

In this section we will study an important formula, the Baker-Campbell-Hausdorff
formula, which combines two Lie transformations into one. The complete proof of it
involves knowledge of Lie algebra that is beyond the scope of this thesis [Dynkin62,
Vara84]. Instead, we will present a partial proof to show that it holds to the third

order for Lie operators.

Theorem 2.7 Let A and B be two functions on R*™. The following relation holds:

exp(: A :)exp(: B:)

=2 exp(: A+ B + 3[4, Bl+ (4,14, B] + [B,[B, 4]) ),

where A and B are polynomials of orders 3 and higher, and “ =} means the truncation

of the polynomial of Lie operators at the third order.

Proof:

From eq. (2.14), we have
tAuB:—-:B:uA:=:[AB]:.

Using this relation repeatedly, the rest of the proof is straightforward.

The left-hand side can be transformed to

exp(: A :)exp(: B:)

Logoal woayqe.g.ol.gal g
2'A'+6'A°)(1+'B°+2'B'+6'B')
1

=31+:A:+-2—:A:2+-(1§:A:3+:B:+:A::B:+%:A:2:B:

_1_. .2 l .2 _1_ .3

+2.B.+2.A..B.+6.B.

1

=31+:(A+B):+§(:A:2+:A::B:+:B::A:+:B:2+:[A,B]:)

=3 (1+:A: 4+
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!
° 1 1
=3 1+:(A+B):+-2-:(A+B) :2+§:[A,B]:

+-(:A*4+3: A% B:43: A:B*+:B?

-}—%(:A:?’+:A:2:B:-{-:A::B::z‘l:—{-:A::[A,B]:—{-:B::A:2

+:Axz[AB]:+:[ABlj:A:+:A:B2+:B::A:B:

+:[A,B]:B:+:B:*A:+:[A,Bl=B:+:B:[AB]:+:B:?
1

37
+%(2:A:: (A,B]:+:[A,B]::A:+:B:[A,B]:42:[A,B]:: B:).

1 1
=31+:(A+B):+§:‘(A+B):2+ A,B]:-l--éz(A+B):3

The right-hand side can be transformed to

exp(: A+ B+ 5[4, B+ (A, [4, Bl + [B,[B, Al + -

=s 145 (A+ B+ 3[4, B+ (4[4, B+ [B, (B, A])):

1 1 1
1 1 1
=3 1+:(A+B):+§:(A+B) :2+§:[A,B]:+g:(A+B) 3

+-}I(: (A+B):[A,Bl:+:[A,B]:: (A+ B):)
-I-Tli(:A:: (A,B]:~:[A,B]::A:+:B:[A,B]:-:[AB]:B")
=3 1+:(A+B):+%:(A+B) :2+%:[A,B]:+%:(A+B) 3
1

+-6(2:A:: [A,B]:+:[A,B]::A:+:B::[A,B]: +2:[A,B]) : B :).

Altogether, the left-hand side equals the right-hand side, which ends the proof.

It is worth noting that only commutators appear in the right-hand side of the
B-C-H formula, which is remarkable in that, for any Lie algebra, the manipulation of
the corresponding Lie transformation does not require extra operations. Besides, the

B-C-H formula links the Lie operators with the Poisson brackets.
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A direct result of the B-C-H formula is that we are able to find the inverse of
exp(: f:) easliy. Since [f, f] = 0, we obtain

exp(: f:)exp(: =f:) = exp(: f+(=f):)=exp(:0:)=1.

Therefore, the inverse of exp(: f :) is exp(: —f :). Futhermore, the inverse map of M,

in the form of a single-factor Lie factorization, i.e., M = (LI (exp(: ﬁ is

M = (exp(: —H :)I) o ( )s (2.48)
which is shown below:

M oM = (exp(: —H :)[)o (L) o (LI) o (exp(: H :)1)
= (exp(: —H :)I) o (exp(: ‘)
= exp(: H:)exp(: ~H:)[ =T

M»OM-I = (LI) o (exp(: H :)I) o (exp(: —H :)I) o (L7])
= (LI) o (exp(: H :)exp(: —H :)I) o (L7'])
= (LI)Q(L-lijzf.



Chapter 3

Repetitive Achromat Theory

In this chapter the theories of repetitive achromats up to order three will be dis-
cussed. This will give us an overview of what has been achieved and the remaining
difficulties. All achromat theories, including the arbitrary-order theory presented in
Chapter 4, deal with systems with midplane symmetry. The first section is devoted

to the definition and implications of midplane symmetry.

3.1 Midplane Symmetry

In a system with midplane symmetry, two particles that are symmetrical about the
midplane at the beginning stay symmetrical afterwards. In other words, let us con-
sider a beam optical system with transfer map M. Suppose a particle enters it at
(z:,a:,9i,bi,ti,0;) and exits at (xy,af,y5,bf,t5,6¢). Another particle that enters it at

(@iyai,—Yi,—bisti,6i) will exit at (zg,a5,—yf,—by,ts,64). Now the matrix P is defined

as
10 0 000 x
01 0 00O a
= 100 -1 000 y
PI=1o0 0 -1 00 b (3.1)
00 0 010 t
00 0 001 )

31
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Hence, midplane symmetry can be expressed as
(PoMo(P'D)=M. (3.2)

Since we are only interested in symplectic maps, M can be represented by a linear

matrix and a Lie transformation (see Section 2.2):

= (LI)o (exp(: H :)I).

Inserting into eq. (3.2) and using Theorems 2.4 and 2.2, we have

(L1) o (exp(: H :)I) = (PT) o (L) o (exp(: H :)I) o (P~*I)
= (LI) o (exp(: H :)I) = exp(: H(P~'):)(P- L - P7]).

For first-order matrices, midplane symmetry requires that
L=P.-L.-P7, (3.3)

which implies that for higher orders

exp(: H(I) :) = exp(: P])>),

= H(I)= H(P]). (3.4)

Equations (3.3) and (3.4) determine that

(zlz) (zla) 0 0 (zft) (26)
(a(l):v) (a(l)a) ((I)) ((Tb) (a(lt) (a(l)&)
E=l 0 0 () 6B o0 o (3:)
|
|

(tlz) (tla) 0 0 (tt) (¢]6)
(6lz) (6la) O 0 (8]t) (416)
and
H= Y CiidyigieisT=a’y' bt 6, (3.6)

txtalytpies
ytbitis
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where iz + 1 + 2y + 2 + 2 + 25 > 3 and 2, + % is even. Here the independent variable

is the arc length of a reference trajectory s and z;,a;,y;,b;,t;,6; are canonical variables.

An achromat can be achieved only when acceleration is not present and syn-
chrotron radiation can be neglected. Therefore, the transfer map of such a system is
not only symplectic but also time-independent (static) and energy-conserving. These

put more constraints on the transfer map, and we now have

(z|z) (zla) 0 0 0 (x|§)
(alz) (ale) 0 0 0 (al5)
| 0 0 (yly) (o) 0 0
2l o 0 Gl @) 0 o &0
(tlz) (tla) O 0 (ft) (¢]6)
0 0 0 0 0 (6l6)
and
H= Y Ciiiyiisz=ayvb*6*, (3.8)
iziaigipis
where ¢, + ¢, + 4y + 45 + ¢ > 3 and 7, + ¢, is even.
It is clear that, from eq. (3.8), we have
H =Y Co000,,6" (3.9)

15=3

~when an achromat is reached. Hence, only the terms (¢/6") (n = 2,3,---) are left in

an achromat. Futhermore, symplecticity [Berz85] implies that

(tlz) = —(z|z)(alb) + (a|z)(x|6k), (3.10)

(tla) = —(cla)(alsi) + (ala)(z|sk), (3.11)

which means that this is also true for the first order.
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3.2 Second-Order Achromat Theory

Since a second-order achromat is always based on a first-order achromat, let us first
study how to obtain a repetitive first-order achromat. Consider a system consisting

of n identical cells (n > 1) and let L, be the z-matrix of one cell, which has the form

(ele) (zla) (=1)\ /4
L= | (alo) (o) o) | = (7). a.12)
0 0 1
Therefore, the total z-matrix Lr, is
Ly, = L}
Mn (M"'1+M"‘2+---+f)ﬁ
0 1
_ o M» (Mr =DM - D)3
= ( 0 ] . (3.13)

Equation (3.13) shows that the dispersion vanishes when M™ = [, i.e., the phase
advance equals a multiple of 27. Together with the requirement that L, = I, a

first-order achromat is reached when the tunes of the whole system are integers.

Brown’s second-order achromat theory is built on a repetitive first-order achromat,

- as described above. It consists of the following two theorems:

Theorem A: If a system contains NV identical cells (N > 1 and N # 3), all
second-order geometric aberrations vanish when, for a cell, both transverse planes

have the same non-integer tunes and the phase advance of the system is a multiple

of 2.

Proof:
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Here we adopt K. Brown’s original notation where the linear matrix is represented
by R and the second-order matrix is T'. Therefore, the second-order map is

zin =Y Rijzjo+ Y TijkT;0Tk,0, (3.14)

J 3k

where z;9 and z;; are initial and final coordinates, respectively. According to pertur-
bation theory, high-order solutions can be obtained through the lower-order solution
and the inhomogeneous part of the ODEs. In the case of Brown’s theory, the ODEs
are expanded to the second order, where the the terms in the inhomogeneous part
are called the driving terms [Brown82b]. With all driving terms obtained, T};; can

be expressed as a function of R;;, which is
L ) .
Ty = /0 K, (s)(Ri;(s))*(Rix(s))™ds, with (n +m) =3, (3.15)

and where K, (s) is the multiple strength at s. For geometric aberrations, R;; should

come from the geometric part of R only, which is

( cos ¥(s) + a(s) sin ¥(s) B(s)sint(s) )
—~(s) siny(s) cos P(s) — a(s)sin(s) /-

As a result, T;;; can be written into
o L .
Ty = /0 F,(s) sin™(1h(s)) cos™ ((s))ds. (3.16)

Since sin™(1)(s)) cos™(¥(s)) (m +n = 3) gives only e**¥(*) and e**¥(*), the conditions

for all second-order geometric aberrations to vanish are
L . L .
/ Fe*¥ds =0 and / Fef*ds = 0.
0 0

Due to the fact that the system consists of individual cells, the integral conditions

above become the following sums

N "N
Y Fietf¥ =0 and Y Fle*r =,

k=1 k=1
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where

. /§L+so +4s
K",-L+30-As

-
I

Fp(s)eii(’//(s)—tﬁk(so))ds

= / N ,,(%L + so + §)eFWFLFo0+8)=Yr(%0)) g3
—As

As

= / F,(3)eXi(av@) g5, (3.17)
—-As

. As . <
o= / ] F(5)e*%(av@) g5, (3.18)

Here, N, L, s¢, and As are the number of cells, the length of the system, the position of
the center of the element considered, and the half-length of the element, respectively.
Repetition of the system is used to obtain eq. (3.17) and (3.18). Since F} and F are
independent of k, eq. (3.17) is further reduced to

N . N -

> e =0 and Z etk =,

k=1 k=1
In conclusion, all second-order aberrations vanish when N # 3, N, , = 2m, 7, and

Mzy # 2mN (m =1, 2, ---) (see Figs. 3.1 and 3.2).

The second theorem deals with the correction of second-order chromatic aberra-

tions left in a system satisfying Theorem A.

Theorem B: For a system that satisfies Theorem A and N > 3, a second-order
achromat is achieved when two families of sextupole components are adjusted so as
to make one chromatic aberration in each transverse plane vanish. In other words,

only two chromatic aberrations are independent.

The proof of this theorem can be found in reference [Carey81]. Another proof using
normal form theory will be given in Section 3.3 as part of the third-order achromat

theory. A typical four-cell, second-order achromat is shown in Fig. 3.3.
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1 2 e¥ [} 4 3V
3_ A 3 A

; ;

Figure 3.1: Complex plane diagram for second-order geometric aberrations of a four-

cell repetitive system with phase advances 2.

2 P 3¢
1 1,2,3
— O

3

Figure 3.2: Complex plane diagram for second-order geometric aberrations of a three

cell repetitive system with phase advances 2.
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SF 0 SF 0 s¢ 80 ¢ s 80 o

QF Q0 QF Q0 «QF Q0 oF QD

Figure 3.3: K. Brown’s four-cell, second-order achromat. Quadrupoles are used to
tune the system to phase advance 27 in both transfer planes, and two families of
sextupoles, SF and SD, are used to correct chromatic second-order aberrations in the
z- and y-planes, respectively. To make the sextupoles weak, they are placed such that
B is larger at SF and S, is larger at SD.

3.3 Third-Order Achromat Theory

In the mid 80’s, Dragt [Dragt87] developed a third-order achromat theory for repet-
itive systems based on the normal form theory [Dragt79]. Although the same result
can be obtained from other normal form algorithms, the Lie factorization has the ad-
vantage of explicitly showing the number of independent aberrations to be corrected.
In practice, however, it is difficult to implement the Lie normal form beyond the
fifth order; hence DA techniques have to be used, either combined with Lie algebraic

techniques [Forest89] or by themselves [Berz92a], to compute the normal form map.

The key idea of this theory is that when an achromat is achieved in the normal
form coordinates, it is achieved in any set of coordinates. Since the transfer map
in the normal form coordinates is much simpler than that in the original curvilinear
coordinates, the conditions for an achromat become much clearer. Consider an n-cell

symplectic system with midplane symmetry. From Section 2.2, the transfer map of

one cell can be written into

M =, (LT) o (exp(: fo :)) o (exp(: fu:)T) 0+ o0 (exp(: faya :)1).




To order 3, we have

M =3 (LI) o (exp(: f32)I) o (exp(: fu :)I).

(3.19)

Since ¢ is not of interest, it is discarded. Therefore I = (z,a,y,b,8). The normal form

transformation is done order by order [Forest89]. For the first order, there exists a

5 x 5 symplectic matrix

a11 Q12 ais

az1 Q23 Qazs
A= a33 0a34
a43 Q44

which satisfies

A-L-A'=R,

where
eil-‘z
e —i#z
R= ethy

e~y

(3.20)

(3.21)

(3.22)

Suppose s, is the eigenvector of e#=s. The fact that L is real entails that 3, is the

eigenvector of e~*#=v,

Now let us define N; as the transfer map in the eigenvector coordinates, which

can be transformed to

—

N = (AI-) oMo (A"II-)

I

(AT) o (LT o (exp(: fo )T} o (exp(: fu )T} o (A7)
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= (AD) o (LI)o (A7 T) o (Al) o (exp(: fs :)I) o (A7])
o(Al) o (exp(: fa:)T) o (A7'])
= (RI)o (exp(: fs(A™]) )I) o (exp(: fu(A']) 1)])
= (RI)o (exp(: g :)T) o (exp(: ga :)]). (3.23)
Note that I'is the unity map in the eigenvector coordinates.

Next we define
N, = (exp(: G5 :)I) o Ny o (exp(: =G5 :)]). (3.24)

To the second order, we have

—

Ny =3 (exp(: G :)I) o Ny o (exp(: —Gs :)I)

=) (exp(: Gs(RI) )RI) o (exp(: g5 )]) o (exp(: =G5 )]

=2 exp(: —Gs :) exp(: g3 :) exp(: Ga(RI) :)(RI)

=, exp( 95 - (G5 — Ga(RD) (RD), (329
where use of the B-C-ﬂ formula has been made.

Since G3 and g5 are polynomials of order 3, in general they have the form

— Mz =Nz My =Ny £
Gy = 2 GrnznamynyisSz -~ 55" Sy 5,0 6", (3.26)
MzNzMynyts .
_ My <Ny My =Ny Ct
93 = D OmenemynyisSaSazSyusvE, (3.27)
Mmznzmynyis

where m; + n; + my + ny + 75 = 3 and m, + n, is even. Therefore, we have
g3 — (Gs - Gs(Rf))

= Z (gmzn,mynyi,; _ (1 _ ei((mz—-nz)#z+(my—ny)#y)) sznzmyn,,ia)

MzNeMyNyis

Mz Nz My Ny K5
Sy 85 8,V 8,Y6

Y (Gmenemngis = (1= €5 G i) ST=80 5787 6,(3.28)

MzNgMynyts
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where 7 = (pz, fiy), M = (M4, my) and & = (nz,ny). As a result, all the terms which
satisfy jf - (M — ) # 2n7 can be removed. This is why normal form transformation

simplifies the transfer map.

Futhermore, there are two categories of terms that remain in the normal form

map. The first category satisfies m = i, i.e.,
my; =n, and my =n,, (3.29)

which does not depend on fi. Since these terms cannot be removed intrinsically
by any normal form transformation, they are the minimum independent conditions
for obtaining an achromat. Note that they are also responsible for the amplitude-

dependent tune shifts.

The other category of terms remaining in the normal form map consists of the

nontrivial solutions to the equation
i (M — i) =2nn, | (3.30)

which are tune-dependent and can be removed by carefully choosing the tunes or by
having a certain symmetry. The tunes that give eq. (3.30) non-trivial solutions are

called resonances; and the terms associated with the solutions are called the driving

terms.

In the case of the second order, 7 and 7 must also satisfy
mz+ny +my+ny <3. (3.31)

Therefore, from eqs. (3.29) and (3.31), the tune-shift terms are g110015z529, goo1118y3,0

and gooo038, and from egs. (3.30) and (3.31) the resonance driving terms can also be

ob@a,ined.
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Since the vector (z,a,y, b, §) is real, from

Sz T 3z x
Sy a Sy a
sy |=Aly we have A7'| s, | =] v is real.
3y b 3y b
) ) ) )

Therefore, from the fact that all coefficients in f; are real, we have
93(82, 3z, 8y, 8y,0) = fs(A7Y]) is real.
Thus we obtain

. <Mz glx My Ny K5
Z ImangmynyisSg Sz Sy Sy 6
MzNgMynyis

§ : = . Mz Nz gMy Ny K15
gmz‘nzmyny"&sz‘ Sz Sy sy 6
MyngMynyts

= . <Mz Nz ;My =Ny £15
z GromangmyisSg - Sz Sy V8,4 6".
MgNzMynyis

Since this relation holds for any point, the coefficient of each term has to be equal

separately, which gives

gm,n;mw&,,i; = gnzm,nymyig- (332)

When m, = n, and m, = n,, we have

Imemamymyis = gm,m,mymgig, (333)

which means that the coefficients of the tune-shift terms are real. Therefore, there are
only two independent chromatic aberrations left when driving terms do not appear,

which proves Theorem B from the last section.

Note that we have

_ Gmanamynyis

Gm,n,mynyig b 1 _ eiﬂ'(fﬁ—‘ﬁ) (3.34)
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for terms that satisfy g . (M — @) # 2n7. Thus, the relation

G ) — gnzmznymyi6
NxMxNyMyls 1 _ e—iﬂ'(ﬁ_ﬁ)

|

gmznzmynyi,s

1-— eiﬁ‘(m"'ﬂ)
= Gm,nzmynyi,; (335)
entails that this part of G5 is real. Since the rest of G5 has no effect on 1\72, the

coefficients can be chosen as zeroes. Therefore, Gj is real. It also follows that G5(RI)

is real.

Regarding the driving terms, one way to eliminate them is to choose the tunes
such that no resonances equal to or below order 3 occur; the other way is to choose
the tunes such that some resonances are avoided and the driving terms of the present

resonances are cancelled by midplane symmetry.

In the case of Brown’s second-order achromats, u, = p, = (¢/p)27, where q and p

are natural numbers, ¢ < p, and ¢/p is an irreducible fraction. Therefore, the driving

terms are the non-trivial solutions of

(mg — ny + my —ny) =n (n is an integer). | (3.36)

=

On the other hand, 2p > 4 and m, + n, + my + n, < 3 entail that

My —ng +my —ny, =—p, 0, p. (3.37)

)p>3:

Equation (3.37) can be further reduced to
Mg — Ng + my —ny, = 0. (3.38)
Equation (3.38) has these non-trivial solutions

{m”_"” = _i and {m”‘"”” = -1 (3.39)

—_ ’
my—n, = my—n, = 1
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which can be transformed to

m, = 1 m; = 0
ng = 0 n, = 1
m, = 0 and m, = 1° (3.40)
ny = 1 ny, =0

These solutions entail that the driving terms are s,5,6 and 3,s,6. Since midplane
symmetry cancels them, only tune-shift terms are left in such a system, which requires

‘at least four cells to be a first-order achromat.

2)p=3:

From the requirements of midplane symmetry discussed above, eq. (3.37) can be

reduced to
Mg — ng + my —ny = =3, 3. (3.41)

With midplane symmetry taken into account, it has the non-trivial solutions

my—n,; = -3, -1 my;—n, = 3, 1
{ m—n, = 0, —2 and { my—n, = 0, 2 (3.42)
which are equivalent to
my; = 0 my; = 0 my; = 3 my; = 1
ng = 3 ny, = 1 n, = 0 ng = 0
m, = 0’ my, = 0’ my, = 0’ and my, = 2° (3.43)
n, =0 ny = 2 ny, = 0 ny, = 0

Hence the driving terms are s3, s,s2, 33 and 3,32. This shows that not all second-order

geometric aberrations vanish in a three-cell system, which agrees with Theorem A.

p=2

Similar to case 2), we have

My — Ny + My — Ny = =2, 2, : (3.41)
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which gives the non-trivial solutions

My—n, = —2, 0 My—ng; = 2, 0
{ my—n, = 0, —2 and { my—n, = 0, 2° (3.45)
Hence we have
mg; = 0 me = 0 my; = 2 m,; = 0
ng = 2 ng, = 0 ng = 0 ng = 0
my, = 0’ my, = 0’ my, = 0 and my = 2° (346)
n, = 0 n, = 2 ny = 0 ng = 0

which entail that the driving terms are 526, 326, s26 and 526. This shows that all
second-order geometric aberrations vanish, yet not all driving terms disappear. From
the proof of Theorem B given by D. Carey (see eq. (18) in [Carey81]), it is clear
that there are two independent second-order chromatic aberrations only when p # .

In conclusion, normal form theory gives an alternative proof of K. Brown’s theorems.

Now let us move to the third order. From eq. (3.23) and (3.24), we have

Ny = (exp(: Gs:)I)o Ny o (exp(: —=Gs :)I) (3.47)
= (exp(: Gs )]) o (RI) o (exp(: g5 1)]) (3.48)
o(exp(: g4 :)I) o (exp(: =G5 :)]) (3.49)

=5 exp(: ~Gs ) exp(: g4 ) exp(: g ) expl(: G(RI) :)(RI)
=5 exp(: g3 — Gs + Ga(RI) ?)

exp(: g4 + 3195, Gol + [93, Go(RD] + [G(RD), Go]) )(BI)
=2 exp(s gu + (198, Gal + [g3, Go(RI) + [Go(RD), Gil) )

exp(: gs — Gs + Gs(RI) :)(RI)

= (RI)o (exp(: hs )]} o (exp(: ha :)1), (3.50)
where

hs = gs— Gs+ Gs(RI), | (3.51)

he = ga+ 2 (1gs, Gal + g0, Ga(RD)] + [Ga(RD), Ga)). (352)

2
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Now define N; as
N3 = (exp(: Hy :)I) o N, o (exp(: —H, :)I). (3.53)

To the third order, we have

p—y

N3 =3 (exp(: Hy(RI) :)RI) o (exp(: ha :)I) o (exp(: hy :)I) o (exp(: —Hy :)I)
=3 exp(: —Hy :)exp(: hy :)exp(: ks :)exp(: Hy(RI) :)(RI)

=3 exp(: hs + hy — (Hy — Hy(RI)) :)(RI), (3.54)
where use of the B-C-H formula has been made.

Similar to the second order, when resonances are avoided and/or driving terms
not present, only tune-shift terms are left, which are hzz000(523z)%, h11110(S23z )83y,

hoo220(8y3y)?, h110025:526%, hoo1125y5,6%, and hogoosd*. Therefore, the total pseudo-
Hamiltonian is
hT = 61100152320 + Goo111543y6 + Joo003d>
+h22000(3x5z)2 + h1111osz§z3y§yh00220(3y5y)2
+h11002853:6° + hoo1128y3y6% + hooooad®. (3.55)
Since g3, g4, G5 and G3(RI-) are real, hq is also real. Hence, Am m,m,m,is is real.
Therefore, 5 third-order knobs are needed to achieve a third-order achromat.

Define real coordinates

XY = (sz,y'*'ga:,_y)/za (3.56)

Px,Py = (Sz’y-—gz,y)/zi, (3.57)

where X and Px are the real linear combinations of x and a, and Y and Py are the
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real linear combinations of y and b. The linear matrix in the new coordinates is

cos(pz)  sin(pz)
—sin(pe) cos(ps)
R= cos(ty)  sin(py) , (3.58)

—sin(py) cos(py)
1

where the linear motion is simply a rotation of X and Py, and Y and Py. Usually the
X-Pyx space is called the normal form space. Futhermore, the pseudo-Hamiltonian
has the form
ht = gr001(X? + P%)6 + goor1(Y? + P2)6 + gooooss®
+h22000( X% + Pg)? + Ri111o(X? + Pg)(Y? + P})hoozeo(Y? + P3)?
+h11002(X? + P%)8% + hoor12(Y? + P7)8? + hoooosd*.
= wy(X?+ P)6 + wi(Y? + P})§ + e8°

+a(X?+ Pg)’ + b(X* + PR)(Y? + P})c(Y? + P2)?

+w(X? + P3)8% + wll(Y? + P})6* + f6*. (3.59)
Here, w;, and wj, are first-order chromaticities; w;, and w;, are second-order chromatic-

ities; a,b and c are anharmonicities.

In summary, a third-order achromat is achieved when the total tunes of both trans-
verse planes are integers, all resonances of order 4 and below are avoided or all driving
terms of present resonances vanish, and all first- and second-order chromaticities and

anharmonicities are corrected.
When a third-order achromat is reached in the normal form coordinates; we have
N3 =3 (RI)o (exp(: e6® + f6* )I). (3.60)
Therefore, the total map of the n-cell achromat is

Ny =3 ((RI)o(exp(: e6®+ f8* :)I))"
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=3 exp(n: e+ f64:)I. (3.61)

Since the normal form transformation

= (exp(: Ha :)I) o (exp(: G5 :)I) o (A]) , (3.62)

does not contain ¢, ﬁ:’; and A commute. As a result, the total map in the original
coordinates is

— - —

Mr =3 ) ;oA"'l
=3 (exp(: Hy :)I) o (exp(: G5 :)I) o (AI) o N7
o(A™T) o (exp(: =G :)I) o (exp(: —H, :)])
=3 exp(: —Hy:)exp(: —Gs :)exp(n : e8> + f6* :)exp(: G5 :)exp(: Hy )T
=3 exp(n:es®+ f6*:) = Np. (3.63)

Indeed, Mr is a third-order achromat, and the only aberrations left are (¢|6%), where

1=1,2,---,n

Let us come back to the examples designed by Dragt and Neri. Dragt’s example is
very straightforward, because all resonances of order 4 and below are avoided. Neri’s
example is more complicated because some resonances are present and their driving
terms are cancelled by midplane symmetry. In his example, the tunes are p, /27 =

1/7 and p, /27 = 2/7, which have the driving terms satisfying
Mg — ng + 2(my —ny) = -7, 0, 7. ' (3.64)

It gives the non-trivial solutions

My —n, = -—1, 2, -2,
1

1
My —Ny = —3’ —]-7 y 3 (365)

However, midplane symmetry requires that m,+n, be even, which entails that m,—n,

also be even. Hence, all the terms are cancelled.
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As a summary of this chapter, let us look at the perspective of extending Dragt’s
theory to higher orders. If we follow Neri’s choice of resonance, it can be shown
that the minimum number of cells for a fourth-order achromat is 11, with 7,, = 1/11
and T, = 2/11. For fifth-order achromats, Neri’s approach fails because the driving
terms 522 and s732 cannot be cancelled by midplane symmetry. To circumvent this
difficulty, different choices of the tunes have to be made. The next choices are T, =
3T, or 3T, = T,. The first one gives a smaller minimum number of cells, which is 17,
and the tunes are T, = 3/17 and T, = 1/17. These examples show that ‘there is no
established pattern for the choices of the tunes or the number of the cells to design
an arbitrary-order achromat, and the driving terms for a resonance increase rapidly
with the order, as does the minimum number of cells. The theory presented in the

next chapter allows us to solve these difficulties.



Chapter 4

Arbitrary-Order Achromat
Theory

In the chapter that follows, an analytical theory of arbitrary-order achromats will be
developed. In Section 4.1, the maps of cells R, S, and C will be derived from the map
of the forward cell, and that of a four-cell system from those of single cells. Section
4.2 contains a classification of the systems with the best solutions. In the first part
(Section 4.2.3), it is shown that it is necessary to have at least four cells in a system
to achieve .a,n.efﬁcient arbitrary-order achromat. Then the proof of the existence of
an optimal solution is given. It is further shown that 4 out of 64 four-cell systems give
the optimal solution while requiring a minimum number of linear constraints (Section
4.2.4). In Section 4.3, the four best systems are studied in detail to determine the
solutions for achromats order by order. First, a general solution for arbitrary-order
achromats is obtained, even though it is not the optimal solution we can obtain from
this theory, regarding the number of conditions that have to be satisfied. Then the

optimal solutions for achromats up to the sixth order are found.
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4.1 Map Representations

Let us consider a phase space consisting of 2m variables (g, - - -, gm, p1, - *, pm ). Since
we do not take into account synchrotron radiation and acceleration, the transverse
motion of a beam optical system is described by a symplectic map. Therefore, its
transfer map M of order n can be represented by a matrix L and a polynomial H of

orders 3 up to n + 1 through Lie factorization (Theorem 2.6) via

n (LT) o (exp(: H :)I). (4.1)

Furthermore, its inverse is (eq. 2.48)

ey

M =, (exp(— : H :)[) o (L7']). (4.2)

Next, let us define a “standard” and a “sub-standard” form of the maps. The

advantage of these forms will become evident later.
Definition 4.1 For a symplectic map Mg, the standard form is defined as
Ms = exp(: H :)(M.I), (4.3)

. where H is the pseudo-Hamiltonian of orders three and up, and My is the linear

matriz. A representation of the form

Ms = [H exp(: H; )] (M. I) (4.4)
is called a sub-standard form.

Note again the difference between eqs. (4.1) and (4.3), where, in the former equation,
exp(: H :) acts on 'and the resulting map is then composed to the linear map, and, in

the latter equation, exp(: H :) acts on the linear map directly. Like the composition
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“o" Lie operators are are also associative, which implies the associativity of Lie
transformations. Apparently, use of the Baker-Campbell-Hausdorff formula allows

the transformation of a sub-standard form into a standard form.

From Theorem 2.1, M can be written in the standard form

=y

MF =exp(: H :)(LI), (4.5)

which is called the forward map MF.
To obtain the maps of R, S, and C cells, Theorem 2.4 has to be used repeatedly.

The reversed cell (R) is the one in which the order of the elements is reversed
from that of the forward cell. This means that if a particle enters the forward cell at
an initial point (z;, a;, yi, b;, &;) and exits it at a final point (zy, ay, yy, ‘bf, 6¢), a
particle which enters the reversed cell at (zf, —ay, ys, —by, 6;) will exit at (z;, —a,,

Yi, —bi, 6;). This determines that the map of the reversed cell is

ME® = (RI)o Mo (R™]), (4.6)
where
1 0 0 0 0 T
]l 0o-1 0 0 0|]a
Rfi=| o o 1 0o o]y (4.7)
0 0 0 -1 0 b
0 0 0 0 1 é

Taking into account the fact that R is antisymplectic (see Appendix A), we can get

the standard form of MF:

Py

MR = (RI)o M=o (RI)
= (RI) o (exp(: —H :)) o (L7'I) o (R7'])

= (RI)o(exp(: —=H :)I) o (L*R™'])
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= (RI)o(exp(: HIL™*R™'I) :)(L"*R™*I)) (Theorem 2.4)
= exp(: H{L*R™'I) :)((RI) o (L*R™*I)) (Theorem 2.2)

= exp(: H(L™*R™'I) :)(RL'R']). (4.8)

The switched cell (S) is the mirror image of the forward cell about the y-z plane,

ie.,
MS = (8T)o Mo (S711), (4.9)
where
-1 0 0 0 0 z
. 0 -1 0 0 O a
ST=f 0 o 1 0 0]y (4.10)
0 0 0 1 O b
0o 0 0 0 1 )
Since the matrix S is symplectic (see Appendix A), we have
MS = (S)oMo(S')
= (SD)o(LI)o (exp(: H :)I)o (S71)
= (SLI) o (exp(: H(S™'T) :)(S7'D))
= exp(: H(S™'T) :)(SLS~']). (4.11)
The combined cell (C) is the switched and reversed cell, whose map is
MC = (SD) o (RIYo Mo (R0 (S71). (4.12)

Due to the fact that matrix SR is antisymplectic, similar to the reversed cell, M°

can be brought into the standard form

- -
.

"MC = exp(: H(L*R™*S~'I) :)(SRL™'R™'S') (4.13)
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In summary, we have the maps of all four cell types listed below:

MF = exp(: H:)(LI), (4.14)
MR = exp(: H(L'R™'I):)(RL™'R™'1), (4.15)
MS = exp(: H(S7'I):)(SLS™']), (4.16)
M® = exp(: HL™*R™'S~'I) :)(SRL™*R~'51]). (4.17)

Since we have the maps of the different kinds of cells, we are ready to construct
the map of any given multi-cell system. As examples, the total maps of a few four-
cell systems are presented here. First, let us define a symbol denoting the map of a

multi-cell system.

Definition 4.2 Let C; be the ith cell in a k-cell system, i.e., C; can be F, R, S, or

C. The map of the total system is denoted by M©1C2C

For example, MFRSC represents the map of a four-cell system consisting of the
forward cell, followed by the reversed cell, then by the switched cell and ending with
the combined cell. Next we will determine the sub-standard form for a variety of
four-cell combinations, which will be very useful later. As a proof of principle, we
show this process for system FRSC. In the transformation, we repeatedly make use
of eq. (2.1), Theorem 2.4, and the associativity of “o”. From the definition of system

FRSC, we can obtain its transfer map from the maps of single cells, which is
MFRSC — JI o NS o MR o MF. (4.18)

Note that the order of the maps of the single cells is the reverse of that of the cells,
because the initial coordinates of the present cell are the final coordinates of the

previous one. Thus, MFRSC is transformed to

MFRSC = [exp(: H(L™'R™'S7']) :)(SRL™*R7'S71])]
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olexp(: H(S™'1) :)(SLS™I)]
olexp(: H(L™'R™'I) :)(RL™*R™"I)] o [exp(: H(I) :)(LI)]
exp(: H(T) :){[exp(: H(L™' R™*S7'I) :)(SRL™' RS I)]
olexp(: H(S™'I) :)(SLS™'])]
olexp(: H(L™'R™'I) :)(RL™'R™* )] o (L1)}
(Theorem 2.2)
exp(: H(I) :){[exp(: H(L'R™'S7'I) :)(SRL™'R™'§'I)]
olexp(: H(S™'I) :)(SLS™'])]
olexp(: H(L™*R™' - LI) :)(RL*R~' - LD)]}
(Theorem 2.4)
exp(: H(I) :)exp(: H(L™'R™* - LI) )
{lexp(: H(L™*R™*S~'I) :)(SRL*R™*$~I)]
olexp(: H(S™I) :)(SLS™*I)] o (RL™*R™' - LI)}
(Theorem 2.2)
exp(: H(I) :)exp(: H(L™'R™" - LT) ;)
{lexp(: H(L™*R™*S~'I) :)(SRL™*R~'$'])|
olexp(: H(S™! - RL-'R. LI):)(SLS™ - RL'R™ - LI)}}
(Theorem 2.4)
exp(: H(T) :)exp(: H(L™'R™* - L) :)
exp(: H(S™* - RL™'R™' - L1 :){[exp(: H(L*R™'S1) :)
(SRL-'R™'$'I)] 0 (SLS™* - RL7'R™" - L)}
(Theorem 2.2)

exp(: H(I) :)exp(: H(L™*R™' - LI):)
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exp(: H(S™'- RL7'R™' - LI) )

exp(: H(L™'R™* - LS~'- RL'R™'. LI):)

p—y

(Theorem 2.4)

which is now in the sub-standard form. In a similar way, the sub-standard forms of

the maps of the systems MFRF R MFCSR ,. and MFOFC are obtained. Together with

MFRSC

A]FRSC

A?FRFR

A?FCSR

AZFCFC

, we have

exp(: H(I) :)exp(: H(L'R™* - L) :)
exp(: H(S™*- RL™'R™'- LI):)

exp(: H(L*R™* - LS™' . RL™'R™ . LI):)
(SRL™*R™'. LS. RL'R™. LI),

exp(: H(I) :)exp(: H(L'R™* - LI) :)
exp(: H(RL'R™' . LI) :)

exp(: HIL™'R™ - L-RL'R™'. LI)?)
(RL7'R™.L-RL™'R™'. LI),

exp(: H(I):)exp(: H(L'R™'S™' - LI) ;)
exp(: HRL'R™'S™'. LI) )

exp(: HL™*R™'.SL-RL™'*R™'S~'. LI)?)
(RL™*R™'.SL-RL'R'$7'. LI),

exp(: H({) :)exp(: H(L'R™'S™. LI):)

exp(: H(SRL™'R™'87'. LI):)

exp(: H(L'R™'S~'. L-SRL™'R™'$-'. LI):)

(SRL*R™'S-'.L.SRL*R'S-'.LI).

(4.19)

(4.20)

(4.21)

(4.22)
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As shown in the next section, only those systems listed here are needed when
the solutions of arbitrary-order achromats are determined, because other systems are
not as efficient. What will also be shown here is the importance of the sub-standard
form where the optimal four-cell systems are decided. Finally, when solutions of
achromats are searched for among the four systems, the standard form of their maps

will be obtained from the sub-standard form using the B-C-H formula.

4.2 Optimal Four-Cell Systems

In this section, we first study general multi-cell systems and then all possible four-cell
s‘ystems using the maps obtained in the last section. The goal is to find the systems
that require the fewest conditions in order to be converted to achromats of a given
order. A few definitions have to be mentioned before the study can be started. They

are the keys to the proofs of the theorems discussed later in this section.

Like the previous theories, we consider only those systems with midplane symme-
try. Therefore, the transfer map of the forward cell can be represented in the form of

eq. (4.5) with its pseudo-Hamiltonian given by eq. (3.8), which we write as

H = Z Ciz,'aiy;bidzi’aiayiy bibvlsia, (423)

iziaiyivis

where i, + 1, + 1, + % + 15 > 3, and i, + ¢ is even.

Definition 4.3 Define the polynomials A(H), B(H), C(H), and D(H) as the parts
of H which satisfy

A(H)

Z C;,;a;y;bgﬁm"'ai“y"”bi°6i‘ (tz + 1o is odd, ¢, +¢p is even), (4.21)

iziaiyipis

B(H) = E C;,;aivibidzi’ai“yiybib6i‘ (2z + ta is 0odd, i, + 15 is odd), (4.25)

iziaiyivis



C(H)

D(H)

Definition 4.4 Define

It is easy to show that

HF

HE =
HS =

HC¢ =

4.2.1

iziatyivis

58

> Cirigiyisis®ea’y' b6 (i, + 1, is even, i, + 1 is even). (4.27)

iziaiyipis

H(f) = H(x’a’%b),

H(RI) = H(z,—a,y,—b),
H(Sf) = H(~z,—a,y,b),

H(RSI) = H(-z,a,y,—b).

A(H) + B(H) + C(H) + D(H),
A(H) — B(H) — C(H) + D(H),
—A(H) — B(H) + C(H) + D(H),

_A(H) + B(H) — C(H) + D(H).

General Properties of k-Cell Systems

(4.28)
(4.29)
(4.30)

(4.31)

(4.32)
(4.33)
(4.34)

(4.35)

Consider a general system of k cells arranged using the above symmetry operations.

Using Theorems (2.2) and 2.4 repeatedly, its map can be brought to the sub-standard

form in a similar way as in eq. (4.19). The result has the form
M = exp(: H(I) :)exp(: HM®MI):). . exp(: HM* VT :)(Mr),

where Mr is the linear matrix of the system and

MO =

(#)

my; Myg

m) ml
0 0
0 0
0 0

(¥

0

0 I3
mg)
0

my3

0

0

0 »
mgq
G)

Myy

0

mll5

0
1

e k=1)

(4.36)

(4.37)
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is a midplane symmetrical matrix obtained from combinations of the linear matrices
of the previous cells and matrices R, R™!, S, S~', and C, C~! depending on the

specific choices of the system. As a result, we have det(M®) = 1.

Using the B-C-H formula, M can be transformed to a single Lie operator acting

on a linear map, which is
M =, exp(: HD) + HM®OD) + --- + HM*I]) + commutators :)(MrT), (4.38)

where the commutators are polynomials of order 4 and higher, and M7 is the linear

matrix of the whole system.

For the time being, we restrict ourself to - H(M mf), hoping that systems which
cancel the most number of terms in 3~ H(M (‘)D, called the optimal systems, do the
same to the total pseudo-Hamiltonian. In Section 4.3, this will be shown to be true
at least up to the sixth order. Due to the fact that all third-order terms in the
total pseudo-Hamiltonian are contained in Hs(I) + Ha(MMI) + --- + Hy(M*-D]),
those not cancelled by symmetry must be cancelled by adjusting the second-order
elements. Therefore, }~ H3(M (‘)I-) is used to find the necessary conditions for the
optimal systems that cancel the most number of terms in ¥ Hs(M®J]) (Theorems
4.2 and 4.3). Although the restriction of 3 Ha(M @) ]) makes it more difficult to

prove Theorem 4.3, it makes the logical structure of the proof more straightforward.

Next let us show that there is no system that can cancel D(H(I)) + D(H(MMI))
+ .-« + D(H(M®*-D])) just by symmetry without changing the nonlinear settings.

First, D(H(I)) is split into two parts:

Definition 4.5 D*(H(I-)) is defined as the terms in D(H(D) with all ezponents on

z, a, y, b even, which has the form Y Con, 2na2ny,2ns,isT " aZroy b '

NzyNayNy,Npyts

D‘(H(f)) is defined as the terms in D(H(f)) with all exponents on z, a, y, b odd,
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. 2 1, 2na41 , 2nyg+1712np41 K4
which has the form S Congti2nat12ny41,2np41,i5 8 "= T lanatl gy Iny 1ot gis
n:,na,ﬂy,nb,f.J
Here ng, ng, ny, ny are non-negative inlegers.

Note that D = D* + D~ because of eq. (4.27).

Theorem 4.1 For a given k-cell system, it is impossible to cancel any term from
D*(H(I)) + D*(H(MO)) + ... + DY(HM®*D])) solely by the symmetrical ar-
rangements of the cells and the choices of special linear matrices under the assumption

that no relations are assumed among the Lie coefficients C,i,i,iyis-

Proof:

From eq. (4.36) and (4.37), the sum of H(M®T) is

HD+HMON) +- -+ HM* DD = 3 Ciiiyi, (2 a™yivbios™

iz,iady,ibis
+(m§11)x+m(1)a+m(l)é)i‘(m(l)x+m(1)a+m(l)6)i“

(m (1) +m(l)b)iﬂ(m(l)y+m(1)b)’!‘5"  +

+(m§li l)w+m(k 1)a+m(k 1)5)11( g’; 1)m+m(k Vg mgg_l)é‘)ia
(-4 iy 4 ),

which entails that the sum of Dt is

D*(H(T)) + D*(H(M®I) + -+ + D*(H(M*-I])) =

. 2nz 2nq,,2ny 1204 1
Z C2n,,2n¢,2ny,2nb,i5 (1) fatryT b4t
Nz Nayy v"b’iG

+(m(1)x + m(l)a +m 1)6)2"13( (1).'17 +m(1)a +m(1)6)2na
(m(l)y + m(l)b)2ﬂy(m(1)y + m(l)b)2nb6ia R
+(mgli l)l"l"m(k 1)a+ (k-1)6)2‘n:( g’; 1)1:+m(k 1) +mg’;"l)6)2’ﬂa

(ms™y + miT by (m ™y + mlgVb)e)
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Since there are no connections demanded among Can, 2n,,2n,,2ns,i5» the vanishing of a

polynomial associated with Can, 2n,,2n,,2n,,is T€QuUires that

£2ne g2na 2nyb2n., + Z mllx_*_m(z a+m(')5)2"‘(m21x+m(')a+m(')5)2"“

=1

(m§y + m§)b)? (mly + mb)>™ =0

for any point in the phase space. Due to the fact that all quantities that appear in
this polynomial are real numbers, they can not be cancelled regardless of the choices

for M@, Therefore, these terms have to be cancelled separately when the achromats

are designed.

4.2.2 Two- and Three-Cell Systems

The next theorem shows that two- or three-cell systems cannot give optimal solutions

for achromats.

Theorem 4.2 Two- or Three-cell systems can not cancel As(H(D)) + As(H(MW))
+ o + As(H(M® D), By(H(D)) + Bs(H(MDD) + -+ + Bs(H(M*-VI)) and
Ca(H(D) + Ca(H(M®DI)) + --- + Cs(H(M*)).

. Proof.

(1) Two-cell systems:

The sum of H(M®T) is

H(I)+ HM®T) = 3 Chiigigivis (l‘i’ai“yi"bi"y‘

izriariy inis
+(m£11)x + m(l)a + m(l)é‘)iz(m(l)x + m(l)a + m(l)é‘)ia

(m(l)y + m(l)b)i”(m(l)y + m(l)b):y5w) .
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Cancelling the terms associated with Cy 00,02 from As(H(I)) + As(H(M®T)) entails

that
01,0,0,0,2(162 + (mgll)x + mglz)a + m§15)5)52) =0.

Since all coefficients are independent of each other, each term in the above equation

has to vanish separately, which gives the solution

mgll) = _1a
1

ng) = 0’

m&? = 0.

and cancelling the terms associated with Coj002 from Bs(H(I)) + Bs(H(MW]))
entails that

Co'l,o,oyz(aéz + (mgll)x + m%)a + mgl5)5)62) = 0,

which has the solution

mgIZ) = - 1a
mgll) = 0,
my 0;

Considering the terms associated with C 100, from Cs(H(I)) + C3(H(M™WI)), we

have

01,1,0,0,1(.’170,6 + mgll)mglz):w«S) = 201,1’0,0,1.’1,‘0,6,

which shows that C3(H(I)) + Ca(H(MWI)) cannot be cancelled.

(2) Three-cell systems:

Similarly, the sum of H(M®]I) is

HID)+ HMOD+ HMOD) = Y Ciiigivi (xi'ai“yi"bi"(si‘

izsia yiy yib’id
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+(m§11)a: + m(l)a + m(l)g)iz(m(l)x + m(l)a + m(1)5)ia
(m§y + mEB) (migy + miJb)v6™
+(ml (2 )x + m(2)a+m(2)5)i’(m(2)x +m(2)a+ m(2)5)ia
(mi3y +ms)s (midy + me)+s') .
Cancellation of the terms with Cy 00,2 requires that

C1000.2(28” + (m(l)m + m(l)a + m(1)5)52 + (m(z)m + m(z)a + m(2)5)52)

which entails that

14+ mgl) + m(2) 0 (2) —(1+ m(l))
mD @0 = il -m&i’ : (4:39)
m(l) (2) 0 (1) m?

15 mis = = —Mys

Now, let us look at those terms with C300,0,0, which have the form

2 + (mPz + mPa + mB6) + (mPz + mPa + mP6)°
_ xa + (mPz + mPa)? + 3(mBz + mPa)?mVs
+3(m{Yz + ma)(mP)?8? + (m{))?6?
+(m(2)x + m12 a) + 3(m(2):c + mg)a) m{?§ (4.40)
+3(mPz + m{a)(mP)?6? + (mF)?6°
= 1+ (M + (m@))a + 3((m{)2m® + (m@)Pm)e%
+3(m{Y(my)? + mP(m{D))za? + (mB)? + (mB)%)a®
+3((m{?)*my) + (mD)?m®)2?6 + 6(mPmEPmY + mPmPmP)zas
+3((mi2)'m{) + (m3)?’mP)a?8 + 3(mY(mP)? + mP(mP)?)z6?
+3(mi7 (m{?)? + m3 (m{P))ab? + (mY)? + (m)?)6°. (4.41)
Similar to the case of the two-cell system, each term in eq. (4.41) has to vanish

separately.



64

Inserting m{y = —(1+m{)) from eq. (4.39) into (1+ (m{¥)? + (M{P)?) = 0 from
eq. (4.41), we have

14+ (m{) -1 +miy =0,

= mgll)(mgll) +1)=0,

= m§‘1)=0 or mﬁ):— .
Since mf‘;) =—(1+ mgll)), the solutions are
’ {mﬂ):o or {m%)=——1.

e I

Inserting either of the two above solutions into (mﬁ’)2m§1} + (mﬁ’)?mﬁ?) = 0 (eq.
4.41), and combining this with eq. (4.39), we have mglz) = mg) = 0. Similarly, from
(m$?)?*m{y + (m{)?m{D = 0, we obtain m{}) = m{) = 0.

In summary, the solutions cancelling the terms with Cy 0,02 and C300,0,0 are

il =0 il = -1

mgl; _ _%2) or '"g‘; Y 2 _ "
D O I Y- e
mys =mys =0 mis = mys =0

Similarly, the solutions which cancel the terms with Cy 10,02 and Cp 30,00 are

g [

T ) or { M=
- PO I o e
m25=m25=0_ mys = mys =0

For all the combinations, there is at least one matrix whose determinant equals zero.
So there is no solution that cancels As(H(I)) + As(H(MWI)) + As(H(M®I))
and Bs(H(I)) + Bs(H(M™WI)) + Bs(H(M®I)) simultaneously, which concludes

the proof.



65

4.2.3 Four-Cell Systems

In this section we will show that certain four-cell systems do cancel A, B and C at

the same time.

3 3
Theorem 4.3 Given a four-cell system, the terms 3_ A (H(M® 1)), 3" B (H(M®I)),

=0 =0

3

and ZCn(H(M(i)f)) (M© = [) are cancelled for all choices of n, if and only if
1=0

HM®O]), H(Mmf), and H(M®) equal a permutation of HR, HS, and HC.

Proof:
(1) The sufficiency is obvious from eqs. (4.32)-(4.35).

(2) The necessity:

3 3 3
Since 2A3(H(M(i)f)), ZB3(H(M(i)f)), and Y C3(H(MWI)) can only be can-
1=0 =0 1=0
celled by symmetry and the first-order arrangements, the necessary conditions for the
vanishing of A3, Bj, and Cj3, and hence for the vanishing of A,, B,, and C,, are also

from symmetry and the linear map only. Therefore, A3, B;, and Cj3 are selected to

determine the necessary conditions.

~ To prove the claim, the groups of solutions for the smallest decoupled sets of
equations are found first; the connections between two of them are found from the
equations containing the variables of the two groups, which form a second-level group.

and so on. Eventually, a necessary solution for all the equations is found, from which

the conclusion is drawn.
First observe that since all four cells contribute as a sum, cancelling the terms

associated with coefficients C 00,02, Co,1,00,2, C3,0,0,0,0, and Cp30,0,0 requires that

3 3 I3 i3
z6? + Y (mi)z + m{Ja + m{l6)6? = 0, (4.42)

i=1
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ad® + E (mz + mBa + m$d8)8? = 0, (4.43)
=1
T +E(m z+m! a+m135) (4.44)
a®+ Z m$z + mBa +m{d6)? = 0. (4.45)
i=1

The fact that eqs. (4.42) and (4.44) are decoupled from eqs. (4.43) and (4.45) allows
us to solve the two groups separately. Let us first concentrate on egs. (4.42) and
(4.44). Since the coefficient of each term in the equations has to vanish separately,

we obtain the necessary equations for the coefficients, which are

1+mP+m@ +md =0, (1)
m{) +m{y +m) =0, 2)

m® +m® +m® =, 3)
L (mi?)* + (i) + (mi?)° =0, @)
(mi?)mi3 + (mi?)mi3 + (mid)Pmiy =0, (%)
miy (mi)? + miP (m{3)? + miY (mi})? =0, (6)
(mi2)° + (mi2)° + (mi3)* =0, ™
(mi?)*miy + (miPmid) + (i)' mi3) = ®)
mOmOm® + mPm@m® 4 m@m@m@ =g, 9)
(mPym{) + (m@)m@ + (Mm@ = o, (10)
m® 2 + m@(m®)? + mOm&)? = o, (1)
mi3 (mi3)? + mi3 (mid)? + mi (mid)* =0, (12)
(mi?)° + (mi)® + (i) =0, (13)

where egs. (1)-(3) come from eq. (4.42), and eqs. (4)-(13) from eq. (4.44). Note that

all ‘these equations are invariant under a permutation of the upper indices, as they
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should be.

Since egs. (1) and (4) are decoupled from the other ones and only contain my;,

let us first solve them. Equation (1) can be used to solve for mg) to obtain

mi) = —(1+miy +mi?). (*)

Inserting this into eq. (4), we have 1 + (mﬁ))3 + (mﬁ))3 -1+ m{ + mﬁ))3 =0,

which can be reduced to
(m{? + mP)m{ + 1)(mY +1) = 0.

Using eq. (*), we obtain three solutions for myy, which are

miy =-mf}  [mi)=-mi) [ mf)=-m)
mi=-1 " |m=-1 ' |mfP=-1 "~

(4.46)
As is to be expected from the permutational symmetry, the three solutions in eq.
(4.46) are permutations of each other. Without the loss of generality, we select one

of them, which induces one particular choice of the permutation, and all the other

solutions can be obtained at the end. Therefore, the representative solution of egs.

(1) and (4) is

i) = -]
(3 )

(4.47)
myy = —1

From now on, solutions of all other variable are expressed with respect to this repre-

sentative solution.
Now let us turn to eq. (3). from which mﬁ) can be solved. We have
miy = —(miy +m{?). (*)

Inserting this into eq. (13), we have (m{})® + (m{¥)® — (m{Y) + m{?)? = 0, which can

be reduced to

migmi? (miy +mi?) = 0.



68

From eq. (*'), the solutions of m,s are

@ = _p® m® = _ @ mV = _m®
{mls 15 , { 15 15 , or { %g) 0 15 . (448)

Note that the other three solutions are exactly the same as those shown in eq. (4.48),

respectively.

Combining eqs. (4.47) and (4.48), we obtain the the solutions for m;; and ms
satisfying eqgs. (1), (3), (4), and (13), which are

S SO o o

) = —m@ = 1" Umld = —m®,m® = -1
(1) (2) ,.(3)
Mye = —Mqe ,Mix =0
or { %f) _ %25), %g) _ . (4.49)
myy = —myy, My, = —1

Next, let us now decide how these solutions satisfy egs. (8) and (11). Together

with the four equations above, they form a second-level group which contains purely

mi1 and mis.

Inserting the first solution from eq. (4.49) into (8) and (11), we have
(e ecronty - o
(miy)(mis)? + (-1)(=my5)* = 0

which has the solutions m%) =0or mﬁ) = 1. In the case of m{Y = 0, we have m(l?

15
= —mﬁ) = 0, which gives
(=i ==

) = -, mf® = <1

In the case of mgi) = 1, we have mﬁ) = —mﬁ) —1, which gives
mg? = __m§35),mgl5) =0 4.50
D m® e m® e 1" (4.50)
myy = —1,miy =1,myy = -1

Similarly, inserting the second solution from eq. (4.49) into (8) and (11) gives the

solutions
(rfomionBoo  fn-oBneo
mgl) = _mgl)’ mgl) = —1 mgl) =1, mg1) = -1, mgl) = ~—1
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Since the last solution from eq. (4.49) happens to satisfy egs. (8) and (11), and

the solutions from eqs. (4.50) and (4.51) are special cases of eq. (4.49)’s solution,

those solutions satisfying the equations containing only mﬁ) and mgls) are

il =0,m = 0. - ) ——m@m® 0
m_ @, @ _ , or WM _ @ @_ .- (450
myy = —-myy,myy = —1 myy = —myy,myy = —1

Note that the first solution is actually a special case of the second one. But it is kept

as a separate solution for the convenience of the proof.

A little inspection shows that the equations containing only m;,, which are eqs.
(2) and (7), are exactly the same as egs. (3) and (13) for m;5. Therefore, my, has
the same solution as ms, which means that the solutions satisfying those equations

(1) 1
2

containing only m;,’ and m;, are exactly the same as those of the equations for m;,

and m,s, which are

= =m@ =0l = = -
W _ e, @) _ or W _ @ @ _ - (4.52)
myy = —myy,my; = —1 myy = —myy,myy = —1

After checking with eq. (9), (10) and (12), we obtain the solutions for the whole

system of equations, which are

(mf) = = 3 = () =il = 3 =

O { =m0, @ = a@mO o
L U O
() = @, =0 () = -3 =

@ {m=m@ D0, @ { mld = o
[ T R [t B .

Again, the equations of my;, ma; and mys, given by eqs. (4.43) and (4.45), are
exactly the same as those of my;, my2 and m,s. Since the solution for m,; has been

fixed, all three solutions have to be taken account, which are

m%) = m%) = mgzl) =0 m%) = m%) = m%) =0
() { ) =m =@ =0 | mld < <m0,
mgz) = —mg2), mgz) =-1 mgz) = —mg2), mgz =-1
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T
oo {mld)=md =mid =0
| miy = —mi),myy) = 1
(= m@ = =0 ()= =) =
@) =@ =0 ) = @m0
2
l mgz) = _mg2)amg2 = -1 mgz) = —mgz),mgz =-1
(il = mi? = ml® =0
o 3 mil = @ ¥ =0
| miy = -mi,mf) = -1
(= @m0 () = m® =
(3) { my=mf=md =0 ,{ mif=mf=mP =0,
[ Jp 0 B o 0
() = D, D =
or < mg15) = m&? = mg) =0 ;
| )= @ mf = -1
(= @@ =0 () = @ <0
(4) 4 mid=-m@mi) =0, { mi)=-mPmP =0,
| m® = @ = 1 |l = -l = 1
((mi) = —mi),miy) =0
or { myg = —mag,mg =0
3
| miy = —mf),mp) = -1

So far there is an abundance of solutions. By using additional conditions connect-
ing matrix elements, their number will be reduced. Let us consider the terms with

C1,2,0,00 C2,1,000, and Cy1,00,1. Cancelling them requires that

3 I3 I . 3 3 I3
za® + Y (m{z + m{Ja + m{6)(mz + mPa + mY6)? =0, (4.53)
=1
8 I3 - 3 - I3 I3
zla + Z(mg‘l)a: + mg’ga + m£26)2(mg'1).1: + mg'g)a + mg'g&) =0, (4.54)

i=1



71
raé + Z(m z +mida + mB&)(mPz + ma + mPe)s = (4.55)

Next, all possible combinations of the two sets of solutions are considered, and
the final solutions are decided. We will start from the simplest case, and then move

to the more complicated ones.

Case (1) — (1'):

Since m%) = 5‘5’ = mg? = mg’s) =0 (¢ = 1,2,3), the equations (4.53)-(4.55) are
simplified to

za +Zm x)m a)2=0,
ma+2mux m22a)—0

zab + Z(mux g’ga)6 0,

i=1

where the coeflicients are

14+ mP(m)? + mP(mi)? + mPmE)? =0, (4.56)
14 (m{)?my) + (mPym@ + (mIP)?m) =0, (4.57)
1+ m( )m(l) + m(z) (2) + mﬁ)mg‘? = 0. (4.58)

Now let us look at the first solution from (1’), which gives

(r=ontt

myy = -1

Inserting this into eqs. (4.56)-(4.58), we have
L+ (-mid)(=1)" + mﬁ(m@) +(=1)(=mi)* =0,
L (=mid V' (=1) + (midPmif) + (-1 (-m7) = 0,

14 (=m)(=1) + mPm$) + (=1)(-m{)) = 0,
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which can be transformed to

1—m? + mQ(m)? ~ (m))* =0,

1 - (m{)? + (mP)m —m§) =0,

1+ m? + mPm@® + md) = 0.
After factorization, the equations are

(1 =m)(1 - (m)?) =0,

(1= (mD)H(1 -m) =0,

(1+m@)1 +mi) =0.

Straightforward arithmetic reveals that the solutions are

mﬁ) = -1 mﬁ) = %1
@ _ » or @ _ .

In conclusion, the final results for the first solution are
{ mip) =Lmf =—Lm) =-1 [ m) =F1,ml) = £1,m{ = -1
“_ -1, m(z) +1,m{d =51’ mi) = —1,m? = 1, m(?’) =1
Written in the form of matrices, the solutions of this case are
1 0 0 -1 00 -1 0 0
MP=10 -1 0|, MP=| o041 0|, MP=| 0 71 0
0 0 1 0 0 1 0 0 1
F1 0 0 (X1 0 0 -1 0 0
M= 0o -1 0|, MP=| 0 -1 o|,MP=| 0 1 0].
0 0 1 0 0 1 0 0 1

which correspond to the cases that (Ml(l),M(z) Ml(a)) = (Ry,C1,51), (R1,51,Ch),

or

(51, By, Cy), or (R, 51,C1). Therefore, the first solution of (1’) agrees with the as-
sertion of the theorem. Note that Ml(s) can only be S or C, because mﬁ') is fixed to
be —1. This is why Case (1) — (1') gives four, rather than six, solutions. It can be

shown similarly that the second solution of (1’) draws the same conclusion.
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In the case of the third solution, we have

(r=m

m(;;) = -1

Inserting it into eqs. (4.56)-(4.58) shows that eqgs. (4.56) and (4.57) are automat-

ically satisfied, and only eq. (4.58) gives a nontrivial solution, which has the form 2

+ 2m£11)mg1) = 0. The solution is mgl)mgl) = —1. Together with m( ) = —1, we have
(1), (1) _
myi;ymsy = —1
{ %?}) 22 (4.59)
myy = -1

It can be shown that
m{) = —m{Y) (see Appendix B). (4.60)
Thus, the solutions are

{ mi) = +1,m{) = F1,m{) = -1
mfy = 1, miy) = F1,m) = -1

or in the matrix form
' +1 0 0 F1 0 0 -1 0

MP=| o F1 o, MP=| o0 +1 0|, MP=| 0 -1 0,].
0 01 0 0 1 0 1

which correspond to the case that (M", M{® Ml(a)) = (Ry,C1, 51) or (Cy, Ry, Sy).

[ R ]

Therefore, Case (1) — (1) agrees with the assertion of the theorem.

Case (1) — (2'):

Here m{) = m{) =m{) =0 (i = 1,2,3); thus the equations (4.53)-(4.55) become

za® + Z Da+m{d§)? =0, (4.61)

zla + Z Do+ mis) =0, (4.62)
=1

ra + Z(m )2)(m$a + m$d6)s = 0, (4.63)

i=1
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which are equivalent to

1+ m(mfy)? +miD () + mid(mi3)? = 0,
1+ (m{)?mE) + (mD)?m + (mP)'m§ =0,
1+ mBm® 4 m@Pm® + m@m = o,
m{(mR)? + m (mP)? + mP(mP)? =0,
(mP)?mly) + (mD)?m) + (mP)m = o,
mm® + mOm® 4 MO = o,

mOmOm® + mPmPm® + m@m@m® = o.

11 Mgz Mas 11 Moy May

From the first three equations, we obtain the same solution as in Case (1) —(1’). First
let us look at the case of (Ml(l), M1(2), MI(S)) = (R4, S1,C1). Inserting this into the last

three equations, we have

miy + mi + (m®)s = 0, (")
myy —mip — (m®)ys = 0, (2")
mgl5)+m (m(a))zs = 0. (3"

From (2”) and (3"), we have m{ = 0, and from (1") and (3"), we have mi) =0,
Therefore, the solution is mg_,5) = mg? = mg? = 0, which is means that this case is
 reduced to Case (1) — (1"). The other three solutions from Case (1) — (1’) give the

same results, which is a consequence of the permutational symmetry.
Note that Cases (1) — (3') and (1) — (4') are the same as Case (1) — (2').

Case (2) — (2'):

Here, mg’g = mg'l) =0 (z = 1,2, 3); thus the equations (4.53)-(4.55) become

3
za® +d (m Wz + m{d8)(mBa + m{6)2 = 0,




75

3
zla + Z(mgll)x + m(')6) (ma +m{s) =0,

=1

zad + Z (mPz + mP6)(ma + md6)é = o.

i=1
Cancelling the terms a28, a6%, and aé requires that
mig (m7)? +mi (m$3)? + mP(m§)? = 0,
(m3)*msg + (mi3)*mi + (mid)'mi3 =0,
mEme + mPm) + mIm = 0.

Since the diagonal elements are the same as those obtained in Case (1) — (1'), we

obtain mﬂ.) = mgs) = m{Y = 0. Therefore this case is simplified to Case (1) — (2'),
which gives the same solution as Case (1) — (1'). Note that Case (2) — (3') and Case

(2) — (4') are the same as Case (2) — (2').

Case (3) — (3'):

Here, m£5) = mg}) =0 (¢ = 1,2,3); thus the equations (4.53)-(4.55) become

za® + Z m{Yz + m} Do) (mx + m$)a)? =0, (4.64)
=1

a:a+z 1z+m§’2)a) (m )z + m a)=0, (4.65)

zab + Z(m(l)w + m a)(m z+ mﬁ?a)& 0. (4.66)
i=1

Cancelling the terms a® and a2 requires that

mi7 (m$)? + m{(m)? + mP(mB)? =0,
(m$))?m) + (m)2m® + (m)m =0,

mOm® + m@m@ 4 m@m® = o,
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1) = @

Inserting this in m;; @)

2 and m{y = 0, we have
mid () = (m32)*) = 0,

(m (1)) (m )+m(2)) =0,

Dy~ mP) =,

which have the solutions

mg) =0 or mglz) = mg) =0.

Let us consider these two solutions separately.

(a) mgz) = m?z) 0
From solution (3'), we have mg:;) = —1. Together with mu = 0, the equations

(4.64) and (4.66) become

za? + (m{z + m{Ba)(m{z)? + (mz + mGa)(mPe)?
+(m{z)(mPz — a)? = 0,

w2a+(m x+m(1) )( (1) z) + (m( )x+m(2) )Z(mg‘;)x)
+Hmz)(miz — a) = 0,

za+ (m{z + m{Pa)(m{Pz) + (mPz + m{Ba)(mz)
+HmPz)(mPz - a) = 0.

2

Cancelling the terms za?, z%a and ra requires that

1+m =0, 1-(m)?=0, 1-mPz=0,
which have no solution.

(b) m{y =0,

From solution (3), we have mg) = 0. Hence, this case is reduced to Case (1)—(3').
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Similarly, Cases (3) — (4') and (4) — (4) can be simplified to Case (1) — (4’) and

Case (2) — (4') respectively, which concludes the z-motion.

Now let us study the y-b sub-matrices. Since it is proven that the z-a sub-

matrices are permutations of Ry, S;, and C, and permutational symmetry holds,

one solution out of six can be chosen without the loss of generality. Here we choose

(MO, M, M) = (R, 1, C1).

Cancelling the terms with C} 9200 and Co 12,00 requires that

y? + (m$Yy + miPh)? — (mBy + mPb)? — (mPy + mPo)2 =0, (1)
y? — (m$y + miP1)? — (mBy + mPb)? + mPy + mP)> =0.  (2)

From (1) + (2), we obtain y? — (m%)y + mgi)b)2 = 0, which has the solutions

e N £ T
(2) or (2)
my = 0 my = 0

- From (1) — (2), we obtain (m:%)y + mg‘)b)? - (mg%)y + m:(;i)b)2 = 0, which has the

solutions
1 3 ‘
EERE
mz(m) = mg4) mg4) = —mz(u)
Altogether, we have the solutions
o) = @@ =1 [l = @ = -
W_. @, @_g °F O_ .0, @_q (4.67)
myf = tmgy,mzy =0 my{ = xtmgg,mzy =0

Canceﬂing the terms with C1 02,0 dnd Co,1,0,2,0 Tequires that

B + (mYy + mPb)? — (mPy + mPb)? — (mQy + mPb)? =0,
b — (my + mPs)? — (mBy + mPb)? + (mBy + mEb)? =0,

which are exactly the same as those for ma3 and ma4. Therefore, the solutions of m,3

and my4 are
mig) = Emd,m = 0 mig) = £mig, mi) = 0
1) 3 @ or 4 () ® @ (4.68)
My = tmyg,myy =1 Mmys = tmyy,myy = —1
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Cancelling the terms with Cj 1,10 and Cp1,1,1,0 requires that

yb+ (mSPy + migb)(my + miPb)
~(mPy)(mPb) — (mTy + mYO)(mPy + mIb) =0,  (5)
yb— (mBy + mb)(mBy + mPb)

—(my)(mdb) + (mPy + mAB)(mBy + mPp) =0.  (6)

From (5) + (6), we obtain yb— (mgg)y)(mﬁ)b) = 0, which has the solutions

mg? = mgi) =1 or mg? = mﬁ = —1.

From (5) — (6), we have

(m$y + mQo)(mBy + mPp) = (mPy + m8)(mPy + mODp),

which entails that

i = m@m,
D + S = Gy 4 G,

1)1 3), (3
m:(,4)m,(14) = m:(34)m¢(14)-

Inserting eq. (4.67) into the three equations above, we obtain m) im‘(i?,) and

43 =

m,(ii) = :i:mﬁ), which shows that the total solutions are

mg) = +m3, mid = 1 mg) = £mf),mf) = -1
mg) = +mgd,mi) =0 | mi) =2mld mf) =0
mg = +m, m{d = 0 mg = £miy,m) =0
mid = £mid,m{d = 1 mid = EmQ,ml) = -1

Cancelling the terms with Cpg 11,1 requires that

yb+ (mBy + mEv)(mGy + m{Yv)

44

+Hmy)(msds) + (mdy + midB)(my +mPo) =0 (1)
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From (7) — (6), we obtain

(m$@y)(m@b) + (mEy +mib)(mEy +mb) = 0,
which entails that -

miymiy =0,

1+ m@m +mdm) =0,

3@ — 0,

M3y My =

Due to the fact that det(M®)) # 0, the solutions are

mg) =0 mg) =0
a) mgi) =0 or b) m{ =0
i = - ) =

Case a): mgi)mgi) = —1 implies that det(M®) = —-det(Ml(S)) . mg?;)mg) = -1

b

which is impossible.

Case b): Similar to the z-a-6 sub-matrix, it can be shown that mg’,,) = —mﬁ) (see
Appendix B). Taking into account midplane symmetry, this means that M2(1) = R,,
Méz) = S,, and Mz(a) = C).

In summary, M) = B, M® = §, and M® = C, which concludes the proof.

Altogether, we have proven that there is only one way to cancel 3 As(H(M® ),
Y Bs(H(M®I)), and ¥ Cs(H(M®T)), which is that M® (i =1,2,3) is a permuta-
tion of R, S, and C.

Since this is the only solution, it is the best a four-cell system can do. If we
consider a system with more cells, there is a possibility that we can find solutions

cancelling ZD‘(H(M'(")I_‘)) as well. Due to the fact that D=(H([I)) is only a small
part of D(H(I)), a solution which cancels 3~ D~ (H(M®I)) will make only limited
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improvements compared to the current solution. To illustrate this, thereis only 1 term

in D3 (H(I)) and Dy (H(I)) as opposed to 15 terms in Ds(H(I)) and D,(H(I)); there

—

are only 5 terms in Dy (H(I)) and Dg (H(I)), as opposed to 39 terms in Ds(H(I))

—

and Dg¢(H(I)).
4.2.4 The Optimal Four-Cell Systems

Now the question is: What kinds of systems have the properties stated in Theorem
4.3, under what conditions, and which of them requires the least number of conditions.

The following theorem answers these questions.

Theorem 4.4 Among all (sizty-four) four-cell systems, there are only four which
reach the optimum asserted by Theorem 4.3 while imposing the minimum number of

constraints on the linear map. They are FRFR, FRSC, FCFC, and FCSR.

Proof:

Suppose the forward cell has a linear matrix L. For the time being, let us restrict

ourselves to the z-a-6 block of L, which has the form
b d =b —dn+by
L= d 7 and Li'=| —c a cp—an |. (4.69)
0

0 0 1
(1) Choices on the second cell.

OO K
—-3 3

Case 1a FF:

Recall that the standard form of a forward cell (eq. 4.5) is

-

MF = exp(: H:)(LI).
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Therefore, the map of the system FF is

-

MFF = MF o MF

= (expl: H(D) (LD o (exp(: H(T) )(LD))
= exp(: H(D) ) ((exp: H(D) (L) o (LD))
= exp(: H(I) :)exp(: H(LI) :)(L- LI).

To reach the optimum, L has to be R, S, or C. Since L is symplectic, it can only be

S. Hence, the linear matrix is

-1 0 0
Li=| 0 -1 0],
0 0 1

which entails that the conditions of reaching the optimum are

?

-

~

?

0
0
0
0
-1

82 OO 33

Therefore, five conditions have to be met to reach the optimum.

Case 1b FR:

From eq. (4.8), we have

MFR = MRoMF
= (exp(: H(LR™T) )(RLT R 1)) o (exp(: H(T) )(LT))
= exp(: H(I):)exp(: H(L™*R™' - LI :)(RL™*R™' - LI).

Specifically, LT R7! - L; can be obtained from eq. (4.69), which yields

d =b —dnp+by 1 00 a b g
LR L, = —c a cp—an 0 -1 0 c d g
‘ 0 0 1 0 0 1 0 01

~
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ad + be 2bd 2bn’
= —2ac  —(ad +bc) —2an' |. (4.70)

0 0 1

Since L™'R~!- L is antisymplectic, it can only be R or C, which leads to the following

conditions:
bd = 0
ac = 0
b,ql — O Y
an’ = 0

which are equivalent to

b =0 a =0
c =0 or d = 0. (4.71)
nl =0 ,’7/ = 0

Hence, we obtained two solutions with three conditions, which in turn eliminate the

five-condition solution above. For further reference, they are listed below:

) (4.72)

Solution A : Solution B :

(i) " e

Case 1c FS:
Similar to FR, the map of FS is

oo R
[ ~ W
—_ O -3
[ B o W
OO o
O3

—

MFS = NSoMF
= (exp(: H(S™'I) :)(SL™'S~'1)) o (exp(: H(I) :)(LI))

-
.
.

= exp(: H(D) :)exp(: H(S™'- LI) :)(SL~'S-* - LI).
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Since S is symplectic, S~ - L is also symplectic. Therefore, S~! - L can only be 5,

which means that L = [. Like Case la, the conditions are

~

1T T I I
—o o000

~

f o0 33

which is not an optimal solution.
Case 1d FC:

The transfer map of the system FC is

=y

MFC = MCo MF
= (exp(: H(L™*R™'S7']) YRSL™'R'S'1)) o (exp(: H(T) )(LD)

= exp(: H(I) :)exp(: H(L'R™'S~' . LI} :)(RSL-'R~'S~'. LI).

For this case, L~!R™!S~!. L can be R or C, because it is antisymplectic. Since it has

the form
d =b —dn+by -1 0 0 a b gp
LRS- Ly = —c a cp—ay 010 c dn
0 O 1 0 01 0 01
—(ad +bc) —2bd —2dy
= 2ac ad+bec 2cy |, (4.73)
0 0 1

the solutions for an optimal system are

b = 0 a = 0
¢c =0 or d = 0.
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The fact that these solutions require only three conditions makes them another set

of candidates, which are

Solution A : Solution B :

a 00 and 0560 (4.74)
L1 = 0 d 7], Ll = c 0 17’ .
0 01 0 01

In conclusion, in order to impose minimum conditions, the second cell can only

be R or C.
(2) Choices for the third cell of the system FRx x

From Case 1b, we have
MFR = exp(: H(I) :)exp(: H(L"*R™LI) :)(RL™'RLI).

Let M* = (expl(: x)I) :)(L(x)I)) be the map of the third cell, which can be
F, R, C, or D. Thus, the total map of the three-cell system is
MFRX — Mx o MFR
= (exp(: H(M(x)I) :)(L(x)D))
o(exp(: H(I) :)exp(: H(L"'R™*LI) :)(RL-*R™'LI))
= exp(: H(I):)exp(: H(L™'R™LI) :)
((exp(: H(M(x)I) :)(L(x)T)) o (RL™ R LI))
= exp(: H(I) :)exp(: H(L™'R™'LI) :)
exp(: H(M(x)RL™*R™LI) :)(L(x)RL™'R'LI).

For our convenience, let us define M(?)(x) as the linear matrix in the pseudo-Hamiltonian

for the third cell. For systems FRx, we have

M®(x) = M(x)-RL™'R™.L=M(x)- LR,
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where LFR = RL-'R™'. L.

Case 2a FRF:

Since M(F) = I, we have M®(F) = RL-'R~' . L. For the two solutions, the
z-a-6 block M(®)(F) are listed below.

In case of Solution A, we have

1 0 0\/1 00\ (100
MB®»@F)=10 -1 0]}lo -1 0|=f010],
0o 0o 1/\o o0 1 00 1

which does not reach the optimum because it does not agree with Theorem 4.3.

In case of Solution B, we have

1 0 0\ /=10 0 -1 0 0
MPF)=[0 -1 0 01 0|=| 0-10],
0 0 1 00 1 0 0 1

which is a possible solution, because it agrees with Theorem 4.3 and does not need

any more conditions.

Case 2b FRR:
From M(R) = L7'R™!, we obtain

M®R)=LR*-RL'R'- L=L"' LR L.

In case of Solution A, we have

d 0 —dp\ (1 0 0 d 0 —dp
MPMR)y=[0 a 0 0 -1 0|=]0 - 0 |,
00 1 0 0 1 0 0 1

which does not reach the optimum unless d = 1 and n = 0. This case corresponds to

a five-condition solution, which is eliminated.
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In case of Solution B, we have

0 -5 0\ (=100 0 =b 0
Ml(z)(R)= - 0 o 0 1 0]l=|¢ 0 ],
0 0 1 0 0 1 0 0 1

which does not reach the optimum because it does not agree with Theorem 4.3.
Case 2¢ FRS:
From M(S) = S~!, we obtain

M®(8)=§-'.RL'R™. L.

In case of Solution A, we have

~1 0 0\/{100 “1 0 0
MP$)=] o -1 oflo1o]=] 0 -1 0],
o 0 1/\0o01 0 0 1

which is a possible solution, because it agrees with Theorem 4.3.

In case of Solution B, we have

-1 0 0\/-1 0 0 100
MP@S)=| 0 -1 0 0 -1 0|=[010],
0 0 1 0 0 1 00 1

which does not reach the optimum, because it does not agree with Theorem 4.3.

Case 2d FRC:

From M(C) = L'R'S5~!, we obtain

M®(C)=L'R'S$"'.RL'R. L.

In case of Solution A, we have

d 0 —dy -1 0 0
MPC) =10 a 0 0 -1 0
‘ 00 1 0 0 1
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—d 0 —dy
= 0 a 0 )
0 0 1

which does not reach the optimum unless d = 1 and 5 = 0. This case corresponds to

a five-condition solution, which is eliminated.

In case of Solution A, we have
0 -5 0 -1 0 0 -1
MPC) = | =c 0 o 0 -1 0 0
0 0 1 0 o0 1 0
0 b5 0
= —c 0 e |,
0 0 1

which does not reach the optimum, because it does not agree with Theorem 4.3.

o = O

-0 O
SN —

(3) Choices for the fourth cells of the systems FRFx and FRSx.

Case 3a FRFx:

Define LFRF = L. RL-*R~' . L. Similar to case (2), we have

M® = M(x)LFFF,

Since solution B is the possible solution for this case, the linear matrix of the forward

FRFF:
From M(F) = I, we have

cell 1s

b
0
0

o0 O
- O3

M® =[.RL'R. L.
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Since

-1 0 0
R\LT'R'Ly=| 0 -1 0 |,

0 0 1

this system is not a solution (see Case 2b).
FRFR:

From M(R) = L~'R™', we have
M® = L[7'R. L-RL7'R - L.

Therefore, the z-a-§ block is

-1 0 0\ /-1 0 0 1 00
MPe)=[ o 1 o0 0 -1 0]|=]0 -1 0],
0 0 1 0 0 1 0 0 1

which shows that this system is a solution, because it agrees with Theorem 4.3.

In summary, the total map of system FRFR is

-

MFRFR — exp(: HF :)exp(: HC :)exp(: HS :)exp(: H® )1 (4.75)
FRFS:

From M(S) = §-!, we have

M® =51.1.RL'R'.[L.

Since

-1 00
RL7R L= 0 -1 0|,

0 0 1

which does not agree with Theorem 4.3, this system is not a solution.

FRFC:
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From M(C) = L7'R7'S7', we have
M® = 7RISt L. RL'R7Y L.

Therefore, the x-a-é block is

0 —b 0 -1 0 0\ /0 b g -1 0 0
MP ) = | —e ocn)( 0 1 0)(000)( 0 -1 0)
0 0 1 0 0 1 00 1 0 0 1
-1 0 0
= 012cn),
0 0 1

which is not a solution, because it does not agree with Theorem 4.3.

Case 3b FRSx:

Define LFRS = SLS-'. RL-'R~'. L. We have
M® = M(x)- LFRS,

Since solution A is the possible solution for this case, the linear matrix of the forward

FRSF:
From M(F) = f, we have

cell is

oo
e I~ W
— O3

M® =SLS . RL'R™. L.

Since

-1 0 0
SV R\LT'RTY - L= 0 -1 0 |,
0 0 1

which does not agree with Theorem 4.3, this system is not a solution.
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FRSR:

From M(R) = L™'R™!, we have ‘
M® = [F'R~'.SLS™' . RL7'R™'. L.

Therefore, the x-a-é block is

d 0 —dn -1 0
MR = [0 a 0 0 1
00 1 0 0

I 0 —2dy
= 0 -1 0 ,
0 o0 1

which is not a solution, because it does not agree with Theorem 4.3.
FRSS:

From M(S) = ,9_1, we have
M® =S SLS ' RLT'RY . L=LS' RLT'R'- L,

which is the same as FRSF.
FRSC:

From M(C) = L™'R™1S~1, we have
M® = [F'R16-'. §[S-' . RL-\R-'. [ = [-'R-'. LS-'. RL-'R' . L.

Therefore, the z-a-é block is

I 0 0 -1 0 0 -1 00
MP)=10 -1 0 0 -1 0}=] 01 0],
0 0 1 0 0 1 0 0 1

which shows that this system is a solution, because it agrees with Theorem 4.3.
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In summary, the total map of system FRSC is

—

MPRSC = exp(: H :)exp(: H" ) exp(: HY :)exp(: HC )], (4.76)

which satisfies the requirements.
(4) Choices for the third cell of system FCx x.

Define LF¢ = SRL™'R~'S~'. L. For systems FCx, we have

M®(x)= M(x)- L.

Case 4a FCF:

From M(F') = I, we have

M®(F)=SRL'R™'S'. L.

In case of Solution A, we have

o -1 0 0 -1 0 0
MPFY=] 0 1 0 0 1 = 01,
0 0 1 0 0 1

which does not reach the optimum, because it does not agree with Theorem 4.3.

0 10
0 01
1 0 0

In case of Solution B, we have

-1 0 0\ /1 0 0 -1 00
MPFY=] o1 0|0 -1 0|=] o0 -t 0],
00 1/\0o o0 1 0 0 1

which is a possible solution, because it agrees with Theorem 4.3.

Case 4b FCR:

From M(R) = L™'R™!, we have

M®(R)=L"'R"-SRL'R™'S'. L.
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Since

1 00 -1 0
RiV-SIRILT'R7YS;  Ly=| 0 -1 0| or 0 1
0 0

0 0 1

—o O

)

which does not agree with Theorem 4.3, this is not a solution.

Case 4c FCS:

From M(S) = S~!, we have
MP(§)=8"1. SRL'R'S™' . [ =RL'R'S™'L.

In case of Solution A, we have

1 0 0\/-1 00 -1 0 0
M3$y=[0 -1 0 01 0f|=] o -1 0],
0 0 1 0 0 1 0 0 1

which is a possible solution, because it agrees with Theorem 4.3.

In case of Solution B, we have

1 0 0 1 0 0 100
MP$=]0 -1 0 0 -1 0f=]010]|,
0 0 1 0 0 1 00 1

which does not reach the optimum, because it does not agree with Theorem 4.3.

Case 4d FCC:

From M(C) = L7'R~1571, we have

M(Z)(C) - L—IR—lg;l . SRL-—IR-—Is-—l L= L_l ) L__IR_IS_I L.

Since

L7'RYYSTY Ly = (
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which does not agree with Theorem 4.3, this is not a solution.

(5) Choices for the fourth cell of the systems FCFx and FCSx.

Case Ha FCFx:

Define L¥CF = [,. SRL-YR-'S-1'. . We have
M®) (x) = M(x)- LFCF.

Since solution B is the possible solution for this case, the linear matrix of the forward

0 b 0
Li=|c¢c 0 ¢ }.
0 0 1

FCFF:

cell is

From M(F) = 1, we have
M@ Fy=L-SRL'R™'S™'. L.
Since
-1

0 0
SIRIL;IR;ISI_I'le 0 ——1 0 N
0 0 1

which does not agree with Theorem ‘4.3, this system is not a solution.
FCFR:
From M(R) = L7'R™!, we have
MO Ry=L"'R™.L.-SRL'R'S™'. L.

Therefore, the z-a-é block is
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which is not a solution, because it does not agree with Theorem 4.3.
FCFS:
From M(S) = R!, we have
M®(8§)=5"1.L.SRLT'R'S" . L.

Since

-1 0 0
SiR\LT'RyYSTH Ly = 0 -1 0|,

0 0 1

which does not agree with Theorem 4.3, this system is not a solution.
FCFC:
From M(C) = L™'R™'S™!, we have
MOC)y=L'R'S'. L. SRL'R™'S™! - L.

Therefore, the x-a-é block is

1 0 0 -1 0 0 ~1 0
MPCcy=10 -1 0 0 -1 0}=]| o 01,
0 0 1 0 0 1 0 1

which shows that this system is a solution, because it agrees with Theorem 4.3.

(== i =]

In summary, the total map of system FCFC is

MFCFC exp(: HY :)exp(: HE Yexp(: H :yexp(: H® )f, (4.77)
which satisfies the requirements.

Case 5b FCSx:
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Define LFCS = SLS~'. SRL™'R-'S-1. L. We have

M (x) = M(x)- LS,

Since solution A is the possible solution for this case, the linear matrix of the forward

cell is
a 0 0
Ll = 0 d 7]’ .
0 0 1
FCSF:

From M(F) = I, we have

MO (F)y=SLS™' . SRL™'R™'S™'. [ =SL-RL'R™'S~'.[.

Since

. -1 0 0
R\L{'R{'ST'Ly = 0 -1 0],

which does not agree with Theorem 4.3, this system is not a solution.

FCSR:

From M(R) = L™'R™!, we have

M®(R) = L7'R™.SLS™L.SRL™'R'S".L = L7'"R™".SL-RL' RS~ [.(4.78)

Therefore, the z-a-6 block is

-1 0 0 ~1 0 0 1 0 0
MP@my=] 0 1 0 0 -1 0|=|0 -1 0],
00 1 0 0 1 0 0 1

which shows that this system is a solution, because it agrees with Theorem 4.3.

In summary, the total map of system FCSR is

MFOSR = exp(: HF :Yexp(: HC :)exp(: HS :)exp(: HR ), (4.79)
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which satisfies the requirements.
FCSS:

From M(S) = S~!, we have
M®(S) =871 SLS . SRL'R'S™'. L=L-RL'R'S'. [

)

which is the same as FCSF.
FCSC:

From M(C) = L™'R~'S~1, we have

MNC)=L'"R'S™SLS™ .SRL'R'S™".L = [7'R'L-RL™"R™'S™'-L.(4.80)

0 0 -1 0 0
d 7 0 -1 0
0 1 0 0 1

Therefore, the z-a-é6 block is

d 0 0 1 0 0
MI(B)(C) = (0 a -an’) (0 -1 0) (
0 0 1 0 0 1
-1 0 0
= ( 0 1 —2ay ) .
0 0 1

which is not a solution, because it does not agree with Theorem 4.3, and this concludes

the proof.

The next theorem gives the linear conditions of the y-b block for the optimal

systems.

Theorem 4.5 For the four systems obtained from the last theorem, the constraints
on the y-b block of the linear map are the vanishing of either the diagonal elements

or the off-diagonal elements.

Proof:
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Let Ly = ( ; / ) be the y-b block of L.

h
(1) FRFR:

From eq. (4.20), the total map of system FRFR is

—

MFRFR exp(: H( _‘) Dexp(: HILT'R™' . LI) ;)
exp(: HRL™'R™" - L) :)
exp(: H(L™'R™'- L-RL'R™'. L) I

From the second cell, we have

-1 e _ h —f 1 0 e f\_[(ek+fg 2fh
L21R21'L2-<—g e)(O —1)<g h)—( —2eg —(6h+fg))’(4'8l)

which gives the following possible solutions.

0
0

€

h

0
=

Solution A : { and Solution B : { f

g

In the case of solution A, we have

L;'R;'Ly = ( _(l) (1) )

pt 1 0 -1 0\ (-1 o
IR 'L2‘< 0 —1)< 0 1)‘( 0 —1)’

LRy - Lo Ry By Lo = ( 0 -1 ) ’

which is a solution

In the case of solution B, we have

L;‘R;“LZ:(é _?)

-1 1 0 1 0 10
Rszlel'L2=<0-1)<0—1):(01)’

Ly'R;' - Ly RyL7'R;Y - Ly = <1 —(1))’
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Systems Linear Conditions
FRSC|(a|t)=0, (z|a) = (a|z) =
FRFR|(a]6)=0, (z]z) = (ala) =0
FCSR |(z|6) =0, (z|]a) = (a]z) =
FCFC|(z{6) =0, (z|z) = (ala) =

Figure 4.1: Optimal four-cell systems and the first-order requirements to achieve their
optimum.

which is also a solution.

Because of midplane symmetry,
MFRFR exp(: HF :)exp(: H :)exp(: H® :)exp(: HR )] (4.82)

in both cases.

(2) FRSC, FCFC, FCSR

Since S; = ((1) (1)

FCFC, and FCSR have the same matrix M: (i = 1,2,3) as that of FRFR. So, the

), we have S; = F, and C; = R,. This implies that FRS(".

requirements on Ly should also be the same, which concludes the proof.

All four optimal systems are listed in Table 4.1.

4.3 Order-by-Order Solutions

Next we will study the nonlinear conditions for higher-order achromats of the optimal

systems. Of the four systems, there are only two different maps, which are
MPRSC = pFOFC = exp(: HF yexp(: HR :)exp(: H® :)exp(: H® 374 (4.83)
and

MPFCSR — pfFRFR exp(: HY :)exp(: H® :)exp(: H® :)exp(: HF O (4.84)
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The lemma below shows that one can be obtained from the other through a simple
transformation. Thus, we need to study only one map to find out the conditions for

achromats.

Lemma 4.1 By suitching A and B, the maps MPFRSC gnd MFCFC gpe transformed

to MFRSC qnd MFRFR, respectively.

Proof:

Under the transformation, we have

HY = A4+B+C+D — B+A+C+D=H"
H® = A-B-C+D — B-A-C+D=HC,
H® = ~A-B+4+C+D — —-B—-A+C+D=H5,
H° = —-A+B-C+D — —-B+A-C+D=HR

which entails that the transformation of the maps is

A{FRSC,FCFC SN MFCSR,FRFR’

which concludes the proof.

The next theorem gives a general solution for arbitrary-order achromats. It is not

necessarily the best pdssible, yet it holds for an arbitrary order.

Theorem 4.6 For a given order n, the optimal systems FRFR, FRSC, FCSR, and
FCFC are achromats if A=, 0 or B=, 0, and D =4, 0.

Proof:

The mathematical induction method is used.



100

Let us first consider systems FRSC and FCFC. From the proof of Theorem 4.4,

they have the same maps, which are

M = exp(: HY :)exp(: H® :)exp(: H® Yexp(: H )f

Define H,, = E fiand fi = A;+ B;+ C; + D;, where f; is the sum of the ith order
=3

terms in H.
- (1) The second order:

Using the B-C-H formula, M can be transformed to the “standard” form, which

M =, exp(: H :)exp(: HJ :)exp(: HS :)exp(: HS )T
=2 exp(: fy :)exp(: f1:)exp(: f5 ) exp(: f§ )T
= exp(: f§ + fR+ £+ 15 )T
=, exp(:4D; ).
Therefore the second-order solution is D =5 0.

(2) The third order:
Similar to the second-order case, M is simplified to
M =5 exp(: Hf :)exp(: H :)exp(: H :)exp(: HS :)T
=3 exp(: f5 + fi exp(: f5T+ [} 2)
exp(: f5 + f7 expl(: f + £ )T
=3 exp(: f + [+ £+ 1 exp(: f7 )
exp(: 3 :)exp(: f3 :)exp(: f§ )T
=5 exp(: 4Dy exp(: S5 + [+ SIS0 )
exp(c J5 + IS+ 515 A1 0T

=0 exp(ADy+ ST S+ [ )+ U + S8 05 + 55D 0T
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where

5 1+ U5 BT+ U+ LB+ 5
= [A3+ B3+ C3+ D3, A3 — B3 — C3 + Dj]
+[—As — By + Cs + Dy, —As + By — Cs + D]
+4[A3 + D3, — A3 + Ds
= 2[Bs + C3, A3 + D3] + 2[— B3 + C3, — A3 + D3] + 8[As, D3]
= 4[Bs, As] + 4[Cs, D3] + 8[As, Ds]

= 4[B3, A3]

Altogether, the map has the form
M =3 exp(: 4Dy + 2[Bs, As] 1)1,

which entails that A =3 0 or B =, 0, and D =4 0 are solutions for a third-order
achromat.
(3) The nth order:

Let us assume that A =,_; 0 or B =,_; 0, and D =, 0 are solutions for an

(n — 1)th-order achromat.
a) A —=n-—1 0, D =n 0

In this case, we have

n=1
Hi, = Y (Bi+Cy),
1=3
n-1 '
HY, = Y (-B;-C)),
=3
n—1

H | = Y (-Bi+ (),

i=3
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n—1

HE, = Y (B - (),

1=3

which entails that
HF T Hf Hq 1+ Hg—l =0 and [Hf—l’Hf—l] = [HS—I’HS—J =0.

Therefore M can be transformed to

-

M =, exp(: HE, :)exp(: HR, :)exp(: HS,, :)exp(: HE,, )
= exp(: Ho_y + [y + [l )exp(: HiYy + fF+ fR )
exp(: Hf—1 +fﬁg+ :+1 1) exp(: HC 1+ fC + n+1 )f
=n exp(: 4Dny1 )exp(: HI_, + fF exp(: HE | + fF )
exp(: Hy_y + f3 :)exp(: HS_; + f )T

=, exp(: 4Dnt1 )exp(: fF+ fF+ L+ fEHR 4 R4

SHy.
expl: /5 + S + 5IHY, +f,f,;C RS R

=n exp(: 4Dny1 ) exp(: I+ [ + ([ HY_ PR+ HELD )
exp(c [ + 1S+ S )+ U HE) o

= exp(: 4Dp1 :)exP(lfF-l-fR —([f:f, P+ )
exp(: fy + fi + 5 [fa,fcl+[fn,f3]))

=n exp(: 4Dny1 + ([f3,fR]+[ SIS T+ U 5D o

= exp(: 4Dn+1+ (L35 £+ U F = U AT+ U S o

=n exp(: 4Dy + 5([ff + IO U+ B D T

=n exp(: 4Dpy1 + [An, —Bs — (5] + [= Ay, Bs — Cs] )T

=n exp(: 4Dpy1 + 2[Bs, An) )1,

which shows that A, = 0 and D,4; = 0 are a solution for the nth order.

In conclusion, A =, 0 and D =,,; 0 are a solution for an nth-order achromat.
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b) B=,-10,D =,0.

In this case, we have

HF'

n—1

R
Hn—l

S
Hn—l

«
Hn—l

n—1

Y (A4 Ch),

=3

n—1

Z(Al - C"i)a

=3

n—1
Z(_Az + C"i)’
1=3
n—1
(-4~ Cy),
1=3

which implies that

Hf—l + Hg—l = Hf_.l + H,f_l =0 and [HF

HS—J = [Hf—qu—l] = 0.

n—~1°

Therefore M can be transformed to

i o=,

exp(: I, + F5 4 5y expl: HE, + 74 J%, )
exp(c HEy + f5 + fun ) exp(: HO + J€ + [E 0T
exp(: 4Dp41 :)exp(: Hy_y + fF )
exp [+ 13+ S(H, S5+ LFE, HEL D) ) expl: HE + 1S )
exp(: 4Dns1 ) exp(: Ho_y + f; 1) exp(s Ho_y + [+ f7 + f
4 ((HE )+ U HEL 4 R4 75 HE ) o
exb(: 4Dnss + (HELy, S84 13+ €1+ 15, H )
HHL G L+ U HL+ S+ 1 L) T
exp 4Duss + (U5 S7 4 13+ JE14 U 6]
U B IR BN+ IR+ £ 5D T
exp: 4Dugs + (154 13, 55 + F5) )T

exp(: 4Dp41 + 2[Bn, A3) :)f,
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which shows that B =,, 0 and D =, 0 are also a solution for an nth-order achromat.
According to Lemma 4.1, the systems FRFR and FCSR have the same solutions,

which concludes the proof.

Considering the number of conditions, the two solutions obtained above are equiv-

alent. This is shown by the following theorem.

Theorem 4.7 For a given order n, the number of monomials in A is the same as

that in B.

Proof:

A general term from H is Ci,;,;,i,:,8'*ay'vb® 6%, where (i, + 1;) is even.

For terms from A, ¢, + %, is odd and i, + 7, is even. Specifically, when i, is odd,
1o I8 even, 1, is even, and ¢, is even; when ¢, is even, 7, is odd, i, is odd, and 2, is odd.
Therefore A,, can be decomposed to

An = Cirigiyivis L0’y v b6
ztatlyipls
Ty )

' lq r

tp
even even even odd

+ Z Z Z Z C,‘xia,'y,'bi&xi’ai“yi”bi"éi& (g +ta+2y + 0+ 25 =n).
i iy Ta iy
odd odd odd even
For terms from B,, i, + i, is odd and ¢, + i, is odd. Specifically, when ¢, is odd,
iq is even, ¢ is odd, and 7, is odd; when 1 is even, i, is odd, i, is even, and i, is even.
Therefore B, can be decomposed to
Br = Y Y Y Y Chiigisetaybes
i . ,

Ty la Ir
even even odd even
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+ Z Z Z Z Ciziaiyibial‘izaiayiybibtsié (lx + ia + iy + ib -|- ig = n)
T S

odd odd even ocld

For any given i, and 1, Z Z = Z Z , which concludes the proof.
i(l i.'lf ia ?:.T
even odd odd even

Since D cannot be cancelled by symmetry, we always have to kill it to get an
afhromat. This means that the number of nonlinear conditions cannot be smaller
than the number of terms in D. So the best solution under -this theory will be
that the number of nonlinear conditions equals that of the terms in D. The next
theorem shows that a best solution exists for up to the fourth order. According
to computational results, this solution is also valid for the fifth- and sixth-order
achromats. Before studying the theorem itself, a few observations necessary to the

proof are shown below.
Considering the commutator of two general terms from the Hamiltonian, we have

1 1 b 100 €1 Y N Y
L plzglagty b RS Y by g by By 60
[C’xla'ylb%x Tatytvbhe®, (/z’,zazézﬁ,zfsx za'ey'vb'ed's]

e
= ClrigiyiyisCiLi Wy pretie giotts

Y ©r oy dgtih =1 datil—1
vivitit (121 — fatg )T Te " gle e

y

+(2yl£ _ ibi;)l,iz+i'laia+i;yiy+i;—lbib+i£—16i5+i3 )
(1) If the two terms are from the same part of the Hamiltonian, we have
(o + 15 — 1) + (fa + i — 1) = (4 +1a) + (i, +7,) — 2 = even,
(o + 1 = 1) (is +i5) = (ia +8) + (3 + ) — 1 = odd,
which entails that the commutator gives terms in C.

(2) If the first term is from A, i.e., i, 47, is odd and ¢, + 5 is even, and the second

term is from B, i.e. ¢ + ¢/, is odd and ¢, + 7} is odd, we have

(le+ 1, — 1)+ (ta + 1, = 1) = (i +24) + (i + i) — 2 = even,
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(40 + 75 — 1) + (4 + i) = (da +4s) + (i, + ) — 1 = even,
which entails that [A, B] gives terms in D.
(3) If the first term is from A, i.e., i, +1, is odd and i, + 7, is even, and the second
term is from D, i.e., ¢, + ¢, is even and ¢/, + 7} is even, we have
(te 0, = 1)+ (da+ 1, — 1) = (15 + i) + (2 + ") — 2 = odd,
(fa+7,— 1)+ (5 + 1) = (ia + 1) + (2, +43) — 1 = odd,
which entails that [A, D] gives terms in B.
(4) If the first term is from B, i.e., i, +1, is odd and #, +4; is odd, and the second
term is from D, i.e., ¢, + ¢/, is even and i/, + i} is even, we have
(ip 41, = 1) (ia + 8, = 1) = (i +ia) + (75 + 1) — 2 = odd,
(ta 41, — 1)+ (3 + 1) = (30 + 8s) + (2, +1}) — 1 = even,
which entails that [B, D] gives terms in A.
(5) If the first term is from A, i.e., i, +1, is odd and i, + ¢, is even, and the second
term is from C, i.e., ¢/, + 7/ is even and i, + i} is odd, we have
(g + it = 1)+ (g + 8 — 1) = (g +ia) + (. + i) — 2 = odd,
(ta 445 = 1) + (i + 6) = (10 +0s) + (1), +73) — 1 = even,
which entails that [A, C] gives terms in A.
(6) If the first term is from B, i.e., 1z +1, s odd and ¢, + 7 is odd, and the second
term is from C, i.e., ¢\ 4 4} is even and ¢, + 7} is odd, we have
(loti,—1)+ (da+il —1) = (3z +144) + (i) +4°) — 2 = odd,
(ta +75 — 1) + (5 + 15) = (4o + 85) + (4 +44) — 1 = odd,

which entails that [B, C] gives terms in B.
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(7) If the first term is from D, i.e., i, + 1, is even and i, + ¢ is even, and the

second term is from C, i.e., ¢ + ¢/ is even and ¢/ + i} is odd, we have
(o + 1% — 1)+ (ta + 21, — 1) = (1 + 14) + (2, + 1) — 2 = even,
(ia + ) — 1)+ (i & i) = (ia + is) + (3, +13) — | = even,

which entails that [D, C] gives terms in D.

Theorem 4.8 For the optimal systems, achromats up to the fourth order can be

obtained by cancelling D in the total map.

Proof:
(1) Systems FRSC and FCFC:
a) The second order:

From the proof of Theorem 4.6, the map is

b

M =; exp(: Hf :)exp(: HE :)exp(: HS :)expl(: HY )f
=y exp(: 4D, ),
which shows that the second-order solution is D5 = 0.

b} The third order:

Also from the proof of Theorem 4.6, the map is
M =y exp(: H} :)exp(: Hf :)exp(: H :)exp(: H{ )T
=3 exp(: 4D4 + 2[Bs, As] :)1.
Since [Bs, As] belongs t‘o Dy, a third-order achromat can be achieved by zeroing

4Dy + 2[Bs, A| instead of cancelling Dy and A4 (or By) separately. Therefore, the 1

best third-order solution is

oL
ot
-

1 .
D4 = —E[Bg, A3] (4 [
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c) The fourth order:

Using the B-C-H formula, M can be transformed to

M =,

=4

exp(: HY :)exp(: HE :)exp(: Hy :)exp(: HY :)I

expl: f + [ + 1 expl: [+ [+ 1)

exp(: f3 + fi + f5 exp(: f 4 ST+ £ 0T

exp(: ADs ) exp(: 1 + ff Jexp(: S + ff'2)

expl: [+ 1 exl: [ + ¢ )T

ot D e+ 5 5 l([f;f F+ U A
LD 4 S U U A+ U R D)

exp(: f3 + fi +f3 + £+ 5([f3,f:?] +1f5, 7]
+HUA D + [f3 L5 BN+ LSS5 5 T

exp(: 4Ds :) eXp( S+ I+ + 5

(U P4 U TR U+ U5 )+ LS ) + U5 S5
U L A U L 04 5 L8 50 4 U L5 25T
SV E R4 I U R+ USSR+ UE 78D,
F5 4 S5 4 S 4 A9+ SUS ST+ 1S 191+ 12 £
(U4 JL U+ 85 4 TSN US + 15,15 + S5 7 + FE) o7

exp(: 4Ds :) exp(: 4Dy + 2[Bs, A3
(U SR+ UL R4 U 1+ 173 55
s + T U+ S+ D
(U + 2L R+ T A8 0 + £
s (UL PR L U 0+ U L5 S0+ U S 15
I+ LU+ B+ BN U5+ 505 + 15 5+ i af
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~

=4 exp(:4D;s :)exp(: H :)
where

o= SRS )+ UE + R0+ )
HA B+ U B+ U+ I+ )
S+ SR S2) + U 280, 5 + A7)
s (UL )+ U LA A+ LS 250+ S S 5
U+ L+ B+ BN+ 05U+ 558+ 5D
= ([As+ By + Co, Ay — By~ Cy+ D]
+[—A3 — B3+ Cs3, — Ay + By — Cy + Dy] + 4{A3, — Ag + Dy
+[A4+ Bs + Cy4 + D4, A5 — By — (3]
+[—Ay — By + Cy + Dy, — A3 + By — Cs] + 4[Aq + Dy, — A3])
1240, [~Ay = By + Co, = As + By = C5]
+[2A43,[A3 + B3 + C3, A3 — Bz — Cs]])
s (U = S U R + U8 = 19,8 55

= —[As, By + C4] 4 [Bs + Cs, As + D4] + [As, — By + C4]

+[~Bs + C3, — Ay + D4] + 4[A3, D]
+i([2,43, [— A3 ~ Bs + Ca,—As + Bs — G|
+[245,[As + Bs + C3, A3 — By ~ Ci]))
+11_2([2(133 +Cs),[As + Bs + Cs, As — Bs — Cs]]
+[2(=Bs + C3),[~As — B3 + C3,— A3 + By — C3))
= 2By, As] + 2[Bs, Aa] + 2[Cs, D4] + 4[As, D]
+[As, [~ As, Bs — Cs]] — [As, [As, Bs + C3]

1
+§(—[B3 + Cs,[As, By + C3]] + [~ B3 + C3,[— A3, B3 — Cs)])
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1 1
= 2[B4, As] + 2[Bs3, A4] — 2[Cs, —5[337 As]] + 4[As, —5[33” Az

——2[A3, [A3, Ba” - g([c& [AS» B3]] + [B31 [A37 03”)
1

= 2[By, A3] + 2[B3, A4} + 3

(Co. [Aa, Bal] + 1By, [C, o]
Altogether, the map is
M =, exp(:4Ds5 :)exp(: H :)f
=4 exp(: 4Ds + 2[By, As] + 2[B3, A4 + %[Cg, [As, Bs]] + %[33, [C3, As]] )T

Since 2[By, As]+2[Bs, A4]+3[Cs, [As, Bs]]+2[Bs, [C3, As]] belongs to Ds, the best

solution for the fourth order is
1 2 .
Ds = —(2[By, As] 4 2[Bs, Aq] + :;-[C's, [As, Bs]] + 5[33, [C3, A5])). (4.86)

(2) Systems FCSR and FRFR:

The best solution for a fourth-order achromat can be obtained by switching A and

B, which is
Ds = 0, (4.87)
1
Dy = —l4s By, (4.88)
1 2
Ds = —(2[A4, B3]+ 2[As, Bs] + 5[03, [Bs, As]] + §[A3, [C3, Ba]]), (4.89)

which concludes the proof.
Computer results show that this property holds for the fifth and sixth orders also.

As the conclusion for this chapter, the following conjecture is presented:

Conjecture 4.1 For the optimal systems, achromats up to an arbitrary order can be

obtained by cancelling D in the total map.




Chapter 5

Applications

When a beam optical system is actually designed, one of the design codes has to be
used (see Section 1.1). In the case of high-order achromats, DA techniques are needed,
because when the order is as high as 5, the map and Lie factorization can be computed
efficiently only through DA techniques. The proofs in Theorems 2.5 and 2.6 actually
provide the DA algorithms for computing various Lie factorizations. Since the Lie
factorizations are always obtained from the map, the B-C-H formula is not necessary,
which greatly simplifies the complexity of the processes. Due to the fact that no
second-order polynomials appear in the Lie exponents, this algorithm works for an
arbitrary order as well. Throughout the design processes, COSY INFINITY is used,
which contains all the tools important to beam optical design. Therefore, everything
can be done in one shot, including map computation, Lie coefficients extraction,
fitting, tracking, and resolution calculation. First, the DA map of the desired order
is computed. Second, relevant Lie coefficients are extracted from the Lie exponent
obtained from the map. Third, fitting routines are used to cancel the Lie coefficients
which cannot be cancellea by symmetry. In our case, sometimes the package LMDIF

from Argonne National Laboratory was used, other times a matrix inverter was used.

In the next sections, several designs of third-, fourth-, and fifth-order achromats

are presented. All of them are direct results of the arbitrary-order achromat theory

111
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presented in Chapter 4; and the circular systems are designed in such a way that
B;‘own’s second-order achromat theory can be applied, where two second-order knobs
are saved. One of them, a circular system (see Section 5.2), is not only a third-
order achromat, but is also energy-isochronous to the third order, which is an ideal
multi-pass time-of-flight mass spectrometer. Another design, a single-pass third-order
achromat (see Section 5.1), presents a compact system which can be transformed to
a single-pass time-of-flight mass speétrometer. Two more designs push the orders to

4 and 5, which further verified the arbitrary-order achromat theory.

5.1 A Third-Order Achromat - FRSC

5.1.1 The First-Order Layout

Our design is aimed at a system for 200 MeV protons [Wan93a). The first-order for-
ward cell contains a 120-degree inhomogeneous bending magnet and four quadrupoles
(Fig. 5.1). The compact layout shows the potential application of high-order achro-
mats for single-pass time-of-flight spectrometers. The forward cell is symmetric
around the midpoint, which entails that (z|z) = (a]a) and (yly) = (b|b). So we
need to fit only 5 conditions, instead of 7, in order to obtain a map of the form shown
in Table 5.1. During the process of fitting, the two drifts between quadrupoles and
dipole are fixed; the variables are the field index of the dipole, the two field strengths
of the quadrupoles, and the drifts before and between the quadrupoles. Table 5.2
shows the parameters chosen as our starting conditions for higher order optimization.

The long drifts are spaces where higher-order elements will be placed.
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A
==t
Wil \QE

Figure 5.1: The FRSC third-order achromat: The first-order forward cell. Only the
bending magnet and the quadrupoles are shown. The phase advances are y, = 7 and
py = m/2. It also shows that at the end of the cell, the dispersion is not corrected,
but dispersive rays are parallel to the on-energy rays that start with the same initial
conditions.

y 4

—

5.1.2 The Second- and Third-Order Achromat

To make this system a second-order achromat, ten sextupoles were inserted symmet-
rically with respect to the dipole (but not symmetrically excited). The sextupoles
provide us the knobs to correct second-order aberrations. The required values are

rather weak (Table 5.4), which indicates that the first-order layout gives weak higher-

.000000 0.0000000E+00 0.0000000E+00 0.0000000E+00 0.2463307E-15 100000
.0000000E+00 -1.000000 0.0000000E+00 0.0000000E+00 -7.366987 010000
.0000000E+00 0.0000000E+00 0.1387779E-15 1.000000 0.0000000E+00 001000
.0000000E+00 0.0000000E+00 -1.000000 0.1526667E-15 0.0000000E+00 000100
.0000000E+00 0.0000000E+00 0.0000000E+00 0.0000000E+00 1.000000 000010
.366987 -0.2775668E~-15 0.0000000E+00 0.0000000E+00 1.733828 000001

~NO O OO

Table 5.1: The FRSC third-order achromat: The COSY INFINITY output of the
first-order map of the forward cell. The first five columns are Taylor coefficients of
Ty, ag, Yg, by, and t; as functions of z;, a;, y;, b;, t;, and §;, and the sixth column
contains the powers associated with the coefficients on the same row. From left to
right, the sub-columns stand for z;, a;, y;, b;, t;, and §;, respectively.
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Element Field/Length | Gradient

Drift 1 0.871354(m)

Quadrupole 1 1.86498(kG) | 0.372997(kG/cm)
Drift 2 0.624612(m)

Quadrupole 2 | -2.67177(kG) | -0.534353(kG/cm)
Drift 3 2.0(m)

Dipole 8.6(kG)

Field index(n;) 0.398455

Table 5.2: The FRSC third-order achromat: The field strengths and drift lengths
of the first-order layout. n; is the first-order derivative of the field of the bending
magnet over the bending radius r (dimensionless).

order aberrations, and the newly introduced sextupoles will not produce strong third-
order aberrations either. The map of the four-cell system was then computed. As
the theory predicted, it is free of all second-order aberrations. Note that this sys-
tem was designed before the analytical theory was developed. The requirement of
ten sextupoles was obtained from a computer theorem-proving program discussed in

references [Wan92, Wan93a).

Figure 5.2: The FRSC third-order achromat: The third-order z-z beam envelope
where only the bending magnets are shown. The mirror symmetry between cells I
and R and that between cells S and C is clearly shown in the beam trajectories.
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1.000000 0.0000000E+00 0.0000000E+00 0.0000000E+00 0.0000000E+00 100000
0.0000000E+00 1.000000 0.0000000E+00 0.0000000E+00 0.0000000E+00 010000
0.0000000E+00 0.0000000E+00 1.000000 0.0000000E+00 0.0000000E+00 001000
0.0000000E+00 0.0000000E+00 0.0000000E+00 1.000000 0.0000000E+00 000100
0.0000000E+00 0.0000000E+00 0.0000000E+00 0.0000000E+00 1.000000 000010
0.0000000E+00 0.0000000E+00 0.0000000E+00 0.0000000E+00 6.935312 000001
0.0000000E+00 0.0000000E+00 0.0000000E+00 0.0000000E+00 -21.18904 000002
0.0000000E+00 0.0000000E+00 0.0000000E+00 0.000C0000E+00 59.36542 000003

Table 5.3: The FRSC third-order achromat: The COSY output of the third-order
map. A third-order achromat is reached and only (¢{6") (n = 1,2,3) is not cancelled.
(Any number smaller than 1E-11 is set to zero.)

5.2 A Third-Order Achromat - FRFR

A third-order achromat based on the first-order layout of the Experimental Storage
Ring (ESR) at Germany is designed to convert it into a time-of-flight mass spec-
trometer without using electron cooling, so that the masses of short-lived radioactive

nuclei can be directly measured.

The ESR ring contains six dipoles, twenty quadrupoles, and eight sextupoles, as
well as RF cavities, beam cooling devices, and the injection-extraction system. Two
long, straight sections divide it into two identical parts, each of which is symmetric
about its center. (Figure 5.5) [Franz87]. It is much easier to take half rather than
"a quarter of the ring as the forward cell. Consequently, the other half should be the

reversed cell, and an achromat corresponds to two turns of the ring.

Since this is a FRFR system, the first-order matrix of the forward cell has to
satisfy (z|z) = (a]a) = (z|6) = 0 (Table 4.1). In this design, the quadrupoles are
excited symmetrically, which ensures that (z|z) = (a|a) and (y|y) = (b|b) and reduces
the number of first-order knobs from 5 to 3. In order to make a system a mass
spectrometer, (¢|6) has be cancelled, too, which adds one more condition and hence

the total number of conditions is 4. After the fine tuning of the free knob (the third




115

000

Figure 5.3: The FRSC third-order achromat: The third-order lab layout. The “S”-

shaped geometry helps make it a compact system.

The last step is to correct third-order aberrations. All third-order elements are
superimposed in the existing dipoles, quadrupoles, and sextupoles because this con-
figuration tends to require weaker octupole fields. Specifically, 14 octupoles are placed
inside other multipoles and an octupole component is added to the inhomogeneous
dipole field through the curvature of the pole faces. So there are 15 variables for 15
conditions. The results show that very weak octupoles can meet all the conditions
(Table 5.4). Figures 5.2 and 5.3 show the beam envelope and the lab coordinate
layout of the whole system. Regarding the area it occupies, this is a rather compact
system. Table 5.3 presents the third-order map, which shows that the only terms left
that are nonzero are the dependents of time-of-flight on energy spread up to the third

order. This makes the system an effective time-of-flight spectrograph.

Using an emittance of 1 mm mrad and a momentum spread of 1%, Figure 5.4 shows
the eighth-order beam around the final focal point. The sum of the aberrations at

the focal point is about 10 pgm horizontally and 3 um vertically, which is quite small.
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Strengths of the Multipoles (Aperture 10 cm)

Sextupoles

Octupoles

-0.248686E-02
-0.484701E-03
0.304526 E-02
0.152721E-02
0.147310E-02
-0.270373E-02
-0.644784E-03
0.187468E-02

-0.621716E-01
-0.121175E-01
0.761314E-01
0.381804E-01
0.368275E-01
-0.675933E-01
-0.161196E-01
0.468670E-01

-0.359389E-03
0.180765E-03
-0.506326 E-04
0.854076E-04
-0.794297E-04
-0.592687E-04
0.615846E-04
-0.613805E-04
0.320186E-03
-0.886455E-03
0.287362E-02
-0.177754E-02

Gradient (kG/cm?) Field (kG) Gradient (kG/cm?) Field (kG)
-0.254023E-03 -0.635057E-02 -0.673151E-03 -0.841438E-01
0.143424E-02 0.358559E-01 0.110241E-02 0.137801

-0.449236E-01
0.225956E-01
-0.632907E-02
0.106759E-01
-0.992872E-02
-0.740859E-02
0.769808E-02
-0.767256 E-02
0.400233E-01
-0.110807
0.359203
-0.222193

-1.12893(n3)

Table 5.4: The FRSC third-order achromat: Field strengths of the sextupoles and
the octupoles. The field index, ns, is the third-order derivative of the field of the
bending magnet over the bending radius (dimensionless).

quadrupole), the best-behaved first-order solution was found and the horizontal beam
envelope is shown in Figure 5.6. The strengths of the quadrupoles are displayed in

Table 5.5.

According to the analytical theory, four independent sextupoles are required to

obtain a second-order achromat. However, because of the fact that for the first order.

cell R is identical to cell F, a simplification is possible based on Brown’s theory of

second-order achromats[Brown79, Carey81]. As shown in Section 3.2, a second-order
achromat can be achieved by placing two families of sextupoles in the dispersive region
of every cell and correcting one second-order chromatic aberration in each transverse
plane. This is the second reason why the forward cell is made symmetric itself and

(yly) is cancelled instead of (y|b) and (bly). Even though in principle a second-order
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N

Figure 5.4: The FRSC third-order achromat: Remaining aberrations up to the eighth
order (scale: 30 um x 20 um). The vertical line represents the final focal plane, where
the deviations are around 10 um.

achromat can be achieved with two sextupoles per cell (half ring), the constraint that
the second half be the reverse of the first requires that the sextupoles be split into
symmetrically excited pairs. Again, one more pair is inserted to kill the term (¢]6%)
(Table 5.6). Sixteen octupoles are introduced to correct all the remaining third-order
aberrations, including (#|63). The positions of some of the multipoles are carefully
chosen to minimize the required field strengths, which results in a realistic setting

(Table 5.8).

Since our goal is to make ESR a multi-pass time-of-flight mass spectrometer, its
dynamic aperture has to be studied in detail. The dynamic aperture was obtained
by tracking the system of a number of turns using its 8th-order one turn map. For
particles of a momentum spread of £0.25% to survive 100 turns, the horizontal and

vertical apertures are roughly 1 7 mm mrad.

The mass resolution was determined in a statistical way: First, a large number
of particles (1000) with a certain mass deviation inside a certain phase space area

are sent through the 8th-order one-turn map n times and the n-turn time-of-flight
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Figure 5.6: The FRFR third-order achromat: The first-order beam envelope of the
horizontal (x-z) plane. The curve that does not coincide with the z-axis in the straight
section is the A-function. The other curve is the dispersive ray. The circumference is
108.36 m; the emittance is 12.57 mm mrad; and the dispersion is 0.7%.

is also cancelled. Ten quadrupoles are used in each cell, which give five free knobs
(Figure 5.9). Four of them are used for cancelling the four above terms with one left

for optimizing the first-order solution.

There are four sextupoles in each cell to correct second-order aberrations, all of
which have to be placed inside the dispersive region because all second-order aber-
rations left are chromatic ones. This is also true for the decapoles, but not for the
octupoles. By placing the fifteen octupoles and fifteen decapoles more or less equidis-
tant, a fourth-order achromat requiring very weak multipoles is achieved (Tables 5.9

and 5.10).

To study the influence of the remaining aberrations, the final spots of beams
starting from a square lattice are plotted and shown in Fig. 5.10. It clearly shows
that the achromat is reached at the end of the second turn, because up to the fourth
order there are still significant distortions after one turn. It also shows that the

higher-order remaining aberrations grow exponentially with the emittance.




Figure 5.5: The FRFR third-order achromat: The original layout of the Experimental
Storage Ring (ESR) at Darmstadt, Germany

of each particle is computed. Second, the random errors of the detector are taken
into account, which in this design is chosén as 100 ps maximum, and the predicted
mass deviation of each particle is calculated. Finally, the difference between the
predicted and initial mass deviation of each particle is obtained and the n-turn mass
resolution is determined by calculating the inverse of the average differences. The

mass resolution’s dependence on the number of turns is presented in Figure 5.8 .

5.3 A Fourth-Order Achromat - FRFR

A fourth-order achromat was also designéd using the best solution obtained in Section
4.3. 1t is a storage ring with mirror symmetry. Since cells S and C are not allowed.
the only choice is FRFR. The first half of the ring forms the forward cell (F) and
the second half is the reversed cell (R). So, like the last example, the achromat is
achieved after two turns. In the process of the first-order design, the four elements
of (z|z), (z|6), (y|b) and (b]y) were fitted to zero. Since the first-order layout of each

cell is symmetric about its own center, (a|a) equals (z|z), which implies that (a]a)
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Strengths of the Multipoles (Aperture 10 cm)
Quadrupoles Sextupoles
Gradient (kG/cm) Field (kG) Gradient (kG/cm?) Field (kG)

-0.624520 -3.12260 -0.208441E-01 -0.521102
0.742699 3.71350 0.106122E-01 0.265306
-0.212000 -1.06000 -0.260702E-02 -0.651754E-01
0.389363 1.94682

-0.323636 -1.61818

Table 5.5: The FRFR third-order achromat: The field strengths of the quadrupoles
and the sextupoles. Since they are excited symmetrically, only half of the multipoles
are listed.

0.4551914E-14 0.2306961 0.0000000E+00 0.0000000E+00 0.0000000E+00 1000000
-4,334708 0.4163336E~14 0.0000000E+00 0.0000000E+00 0.0000000E+00 0100000
0.0000000E+00 0.0000000E+00-0.1443290E-14 0.5119279 0.0000000E+00 0010000
0.0000000E+00 0.0000000E+00 -1.953400 -0.1817990E-14 0.0000000E+00 0001000
0.0000000E+00 0.0000000E+00 0.0000000E+00 0.0000000E+00 1.000000 0000100
0.0000000E+00 0.0000000E+00 0.0000000E+00 0.0000000E+00 0.1679212E-14 0000010
0.0000000E+00 0.0000000E+00 0.0000000E+00 0.0000000E+00 -4.187160 0000001

Table 5.6: The FRFR third-order achromat: The first-order map of half the ring.
(The zeroes are numbers smaller than 1E-15) The phase advances are p, = p, = 7/2.
Note that (¢|6) also vanishes

5.4 A Fifth-Order Achromat - FRFR

As a proof of principle, a circular fifth-order achromat is designed, which proves
Theorem 4.8 and adds a case supporting Conjecture 4.1. The first-order layout should
avoid large changes in the beta functions in order to minimize nonlinear aberrations:
furthermore, there should be enough room for the insertion of correction multipoles.
Another consideration is that, if possible, the number of first-order conditions should

be further reduced through symmetry arrangements inside a cell.

The result of these considerations is a ring shown in Figure 5.11, which consists of

sixteen FODO cells plus two dispersion correction sections, each of which includes two
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1.000000 0.0000000E+00 0.0000000E+00 0.0000000E+00 0.0000000E+00 1000000
0.0000000E+00 1.000000 0.0000000E+00 0.0000000E+00 0.0000000E+00 0100000
0.0000000E+00 0.0000000E+00 1.000000 0.0000000E+00 0.0000000E+00 0010000
0.0000000E+00 0.0000000E+00 0.0000000E+00 1.000000 0.0000000E+00 0001000
0.0000000E+00 0.0000000E+00 0.0000000E+00 0.0000000E+00 1.000000 0000100
0.0000000E+00 0.0000000E+00 0.0000000E+00 0.0000000E+00 -16.74864 0000001
0.0000000E+00 0.0000000E+00 0.0000000E+00 0.0000000E+00 22.80066 0000011
0.0000000E+00 0.0000000E+00 0.0000000E+00 0.0000000E+00-0.2394999 0000002
0.0000000E+00 0.0000000E+00 0.0000000E+00 0.0000000E+00 -23.27966 0000021
0.0000000E+00 0.0000000E+00 0.0000000E+00 0.0000000E+00 —3.467360 0000012
0.0000000E+00 0.0000000E+00 0.0000000E+00 0.0000000E+00 0.4997533 0000003

Table 5.7: The FRFR third-order achromat: The third-order two-turn map. (The
zeroes are numbers smaller than 1E-8.) Note that time-of-flight terms, which depend
on energy and mass, cannot be cancelled along with (¢|6™) due to the fact that the
magnetic field only distinguishes magnetic rigidity, which is a function of é; and 4,,.

quadrupoles. The left half is the forward cell (F) and the right half is the reversed cell
(R). Achromaticity is achieved after two turns. The forward cell itself consists of two
parts, one of which is the reverse of the other. This guarantees that (z|z) = (a|a) and
(yly) = (b]b). All four FODO cells within one part of a cell are identical except thét
the last one has an extra quadrupole for dispersion correction. Hence there are three
knobs for the first-order design which can zero out (z|z), (ala), (yly), (b]b), (z|8), and
(a]é) at the same time. Figure 5.11 shows that the beam travels around the ring in a
very uniform manner, avoiding large ray excursions and beta functions. As described
in the last example, a second-order achromat is achieved by symmetrically placing

and exciting two pairs of sextupoles in each half.

After the investment in a careful first- and second-order layout, the third-, fourth-.
and fifth-order corrections actually turn out to be conceptually straightforward, even
though they are computationally more demanding. In the whole process of nonlinear
optimization, only two aspects seem to be worth considering. First, the required
multipole strengths strongly depend on the average distance between multiples of

the same order. In order to keep their strength limited, it is important to have the
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Strengths of the Multipoles (Aperture 10cm)
Octupoles Decapoles
Gradient (kG/cm?) Field (kG) Gradient (kG/cm?) Field (kG)
0.865187E-04 0.108148E-01 -0.184214E-03 -0.115134
-0.730041E-04 -0.912551E-02 0.993688E-04 0.621055E-01
0.118558E-03 0.148198E-01 0.267539E-03 0.167212
-0.101019E-03 -0.126274E-01 0.353274E-03 0.220796
0.474184E-04 0.592730E-02 -0.577517E-03 -0.360948
-0.663923E-05 -0.829904E-03 -0.153650E-03 -0.960314E-01
-0.132363E-04 -0.165454E-02 0.764958E-03 0.478099
0.466092E-04 0.582615E-02 -0.433794E-03 -0.271121
-0.849342E-04 -0.106168E-01 0.405756E-03 0.253597
-0.515629E-05 -0.644536E-03 -0.843814E-03 -0.527384
0.280953E-04 0.351191E-02 0.538596E-03 0.336623
0.125900E-03 0.157375E-01 0.369327E-03 0.230830
-0.423299E-03 -0.529124E-01 -0.128477E-03 -0.802978E-01
0.245393E-03 0.306741E-01 -0.177871E-03 -0.111169
0.796716E-04 0.995896 E-02 0.207354E-03 0.129596

Table 5.10: The FRFR fourth-order achromat: The field strengths of the octupoles

and the decapoles. Here all the multipoles are very weak.

and vertically. It is much larger than the acceptance of the ring, which is about 30 ~
40 7 mm mrad. As an example, Figure 5.12 shows the horizontal motion of on-energy
particles up to 1000 turns. The absence of linear effects, as well as any aberration
up to order five, leads to a behavior that is entirely determined by nonlinearities of

order six and higher.

The time-of-flight energy resolution of this ring is determined in a statistical man-
ner similar to the example discussed in Section 5.2 except that the one-turn map
is of the ninth-order. The dependence of the resolution on the number of turns is

presented in Figure 5.13 .
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Strengths of the Octupoles (Aperture 10 cm)
Gradient (kG/cm?) Field (kG) Gradient (kG/cm?) Field (kQG)

-0.128089E-02 -0.160111 -0.882350E-02 -1.10294
0.180353E-02 0.225441 0.581219E-03 0.726523E-01
0.275862E-02 0.344828 0.394693E-02 0.493366
-0.429976 E-02 -0.5337470 0.706907E-02 0.883634
0.344373E-02 0.430466 0.453311E-02 0.566639
0.153106E-03 0.191382E-01 -0.114925E-01 -1.43656
-0.263437E-02 -0.329296 0.308289E-02 0.385361
0.904441E-02 1.13055 0.148141E-01 1.85176

Table 5.8: The FRFR third-order achromat: The field strengths of the octupoles.

Strengths of the Multipoles (Aperture 10cm)

Quadrupoles Sextupoles
Gradient (kG/cm) Field (kG) Gradient (kG/cm?) Field (kG)
0.277788 1.38894 -0.114852E-02 -0.287130E-01
-0.273114 -1.36557 -0.184780E-03 -0.461950E-02
0.881770E-01 0.440885 0.101651E-02 0.254127E-01
-0.282065E-01 -0.141032 -0.941644E-03 -0.235411E-01
-0.361497E-01 -0.180748

Table 5.9: The FRFR fourth-order achromat: The field strengths of the quads and

the sextupoles. Only half of them are shown due to mirror symmetry.

dimension of the total size of the ring and the dispersive region sufficiently large, and
distribute roughly uniformly multipoles of the same order. Second, all the decapoles
have to be placed in regions with sufficient disi)ersion, because all the fourth-order
aberrations that remain after third-order corrections are chromatic aberrations. The

combination of these considerations results in weak multipole strengths for third-,

fourth-, and fifth-order corrections. (Tables 5.12 and 5.13).

The 1000-turn dynamic aperture for both horizontal and vertical motions are
studied using the 11th-order map. For particles of a momentum spread of +0.5% to

survive 1000 turns, the dynamic aperture is at least 100 7 mm mrad both horizontally
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Strengths of the Multipoles (Aperture 10 cm)

Quadrupoles Sextupoles
Gradient (kG/cm) Field (kG) Gradient (kG/cm?) Field (kG)
-0.162869 -0.814344 -0.718659E-03 -0.179665E-01
0.134119 0.670597 0.364420E-03 0.911050E-02
-0.131803 -0.659013

Table 5.11: The FRFR fifth-order achromat: The field strengths of the quads and

the sextupoles. Only half of them are shown due to mirror symmetry.

2 mrad |2 mrad

. ! em ‘ 1 cm
-_— i

|2 mrad |2 mrad

|2 mrad |2 mrad
_ — 1 cm _\:; 1 cm

Figure 5.7: The FRFR third-order achromat: The 8th-order 1000-turn tracking pic-
ture. The left and right columns display those of z- and y-motion, respectively; the
top, middle, and bottom rows show those of § = —0.1%, 0, and 0.1%, respectively.
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Figure 5.8: The FRFR third-order achromat: The multi-turn mass resolution as a
function of the number of turns. Due to the small emittance, the resolution increases
almost linearly with the number of turns.

s

Figure 5.9: The FRFR fourth-order achromat: The layout, beam envelope and dis-
persive ray. The phase advances are p, = p, = 7/2. The circumference is 147.35 m;
the emittance is 20r mm mrad; and the dispersion is 0.6%.
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Figure 5.11: The FRFR fifth-order achromat: The layout, beam envelope and dis-
persive ray. The phase advances per cell are g, = p, = 7/2. The circumference is
266.64 m; the emittance is 30r mm mrad; and the dispersion is 0.3%.

15 mrad

U .

Figure 5.12: The FRFR fifth-order achromat: 1000-turn tracking of the z-a motion
of on-energy particles.
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Figure 5.10: The FRFR fourth-order achromat: Beam spots of different emittances.
The top two rows show that an achromat is reached after two turns. The bottom row
shows the remaining higher-order aberrations.
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Strengths of the Multipoles (Aperture 10 cm)

Octupoles

Decapoles

Gradient (kG/cm?)

Field (kG)

Gradient (kG/cm?)

Field (kG)

-0.996975E-06
-0.246999E-05
0.204723E-05
-0.135901E-05
0.951498E-06
-0.228548E-04
0.177119E-04
-0.158309E-04
0.420261E-05
0.871498E-07
0.377365E-06
0.533332E-05
0.321821E-05
0.191867E-05
-0.130343E-05

-0.124622E-03
-0.308749E-03
0.255903E-03
-0.169876E-03
0.118937E-03
-0.285685E-02
0.221399E-02
-0.197886E-02
0.525326E-03
0.108937E-04
0.471706 E-04
0.666665E-03
0.402276 E-03
0.239833E-03
-0.162929E-03

-0.391808E-06
0.239260E-06
-0.346336E-07
-0.413315E-07
0.100518E-06
-0.501265E-07
-0.953086E-07
0.511256E-06
-0.305803E-07
-0.775351E-07
0.506782E-08
0.153783E-07
-0.152854E-07
0.159598E-06
-0.317045E-06

-0.244880E-03
0.149538E-03
-0.216460E-04
-0.258322E-04
0.628240E-04
-0.313291E-04
-0.595678E-04
0.319535E-03
-0.191127E-04
-0.484594E-04
0.316738E-05
0.961144E-05
-0.955335E-05
0.997489E-04
-0.198153E-03

Table 5.12: The FRFR fifth-order achromat: The field strengths of the octupoles and

the decapoles. Note that the multipoles are extremely weak as a result of good linear

behavior.

20000
15000
10000

5000

P R R

SN S

o 20 a0 0 80 00
Figure 5.13: The FRFR fifth-order achromat: Resolution vs numbers of turns at the

acceptance. The saturation comes from the accumulation of higher-order aberrations
over turns.
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Strengths of the Duodecapoles (Aperture 10 cm)

Gradient (kG/cm®)

Field (kG)

Gradient (kG/cm?®)

Field (kG)

0.260526 E-06
-0.141949E-06
-0.602391E-07

0.115200E-06
-0.129574E-06

0.167172E-06
-0.146698E-06
0.109038E-07
-0.897166E-07
0.905100E-07
0.422171E-07
-0.119032E-06
0.812032E-07
-0.859254E-07
0.143652E-06
-0.192421E-06
0.231122E-06
-0.729862E-07
-0.102382E-06
-0.913997E-07

0.162829E-03
-0.887180E-04
-0.376494E-04
0.720003E-04
-0.809839E-04
0.104483E-03
-0.916861E-04
0.681489E-05
-0.560728E-04
0.56568TE-04
0.263857E-04
-0.743948E-04
0.507520E-04
-0.537034E-04
0.897825E-04
-0.120263E-03
0.144451E-03
-0.456164E-04
-0.639889E-04
-0.571248E-04

0.143366E-06
0.111585E-06
-0.392296 E-06
0.426602E-06
-0.251765E-06
0.101758E-06
-0.812971E-07
0.113277E-06
-0.423092E-07
-0.733480E-07
0.173217E-07
0.970192E-07
0.745327E-07
-0.158631E-06
0.230450E-06
-0.172798E-06
0.923330E-07
0.126337E-06
-0.256941E-06

0.896036E-04
0.697405E-04
-0.245185E-03
0.266626E-03
-0.157353E-03
0.635989E-04
-0.508107E-04
0.707979E-04
-0.264433E-04
-0.458425E-04
0.108261E-04
0.606370E-04
0.465829E-04
-0.991446 E-04
0.144031E-03
-0.107999E-03
0.577081E-04
0.789607L-04
-0.160588E-03

Table 5.13: The FRFR fifth-order achromat: The field strengths of the duodecapoles.

Note that the multipoles are extremely weak as a result of good linear behavior.
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as a multi-pass time-of-flight mass spectrometer for studying very short-lived nuclei.
A fourth-order and a fifth-order achromats verify the analytical theory to the sixth

order.

In conclusion, an understanding of arbitrary-order, mirror symmetrical achromats,

particularly four-cell systems, has been developed.



Summary

The theoretical and experimental development of achromats is reviewed in detailed
studies of Brown’s second-order achromat theory and Dragt’s third-order achromat
theory. It is shown that Dragt’s theory provides a complete proof of Brown's theory

in a different way, thus demonstrating that Dragt’s theory is more general.

The second- and third-order theories are extended to an arbitrary-order theory
where detailed proofs of all conclusions are given. As opposed to repetition, this
theory explores the role of mirror symmetry in building an achromatic system. It is
shown that two- and three-cell systems are not the best choices for making achromats,
because they require more conditions than all efficient four-cell systems. On the other
hand, systems with five or more cells cannot give solutions that are distinctively better
than those of four-cell systems. Therefore, four-cell systems are the best choices
for building arbitrary-order achromats. For four-cell systems, the best solution is
.found. Four four-cell systems are found optimal for solutions because they require
the smallest number of linear conditions. A general solution for four-cell arbitrary-
order achromats based on the optimal systems is presented; it is proved analytically
up to the fourth order and computational results suggest that it is valid up to the

sixth order. This is close to the best solution that can be obtained from this theory.

Four examples of achromats of the third, fourth, and fifth orders are presented.
An “S”-shaped third-order achromat shows the possibility for use as a single-pass

time-of-flight spectrometer. A circular third-order isochronous achromat can be used
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Appendix A

Symplectic Properties of Matrices
R and S

Theorem A.1 R is antisymplectic and S is symplectic.

Proof:

To be consistant with the definition of J in eq. (2.2), we have
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on the basis of I = (z,y, a,b). Therefore, we have
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which shows that R is antisymplectic.

Similarly, we have

g
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S is symplectic.
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Appendix B

The Proof of Equation (4.60)

Recall eq. (4.59), we have

{ mimy) = 1

myy = -1

Next we show that eq. (4.60) holds, i.e.,

m(lll) = —-m%’. (B.1)
Since m(lll) = -mﬁ) and mglz) - —mg‘;),
m(lll)mglz) = —1 means that mﬁ)mg) =—1. (B.2)

To keep the generality, we have to consider the other cases because when the spe-
cific knowledge of the odering the cells are needed, as shown below, the permutational

symmetry is broken. Therefore, the conclusion drown from eq. (B.2) is that only one

out of the last three cells satisfies mﬁ) = mgg) =-1(=123).

From eq. (4.70) and (4.73) in Section 4.2.4, the second cell has to be either R or

C when mgll)mglz) =-1.

First let the second cell be R. From eq. (4.70), we have

ad + be 2bd 2bn’
MY = L7'R{Y - Li=| —2ac —(ad+bc) —2ang’ |.
0 0 1
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Under the condition that m12 = mgll) = mﬁ) = mg? = 0, we have

1 0 0 -1 0 0
MM=] 0 -1 0] or o 1 0|,
0 0 1 0 0 1

which means that m(lll) = —m22 If the second cell is C, the result is the same as for

the case of R.

‘Similarly, the second cell has to be either F or S when mﬂ) = mglz) = -1.

When it is F, we have

-1 0 0
Li=M"=[ 0 -1 o0]|.
0 0 1

This implies that the third cell must satisfy m11 mg2) = —1. Thus for R and C, Mm

is

-1 0 0
a) MP=L7'R;'-LiLy=| 0 1 0|, and

1 0 0
by MP=L7RIST-LiLi=| 0 -1 0|,

respectively. This shows that mm —m22 If the second cell is S, the result is the

same as the case above, except that L, = I.
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