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Shell-model calculations for the A =24, T =2 system are presented which use an empirical-
ly modified version of Kuo's realistic two-body interaction and a large, but truncated, sd-
shell basis space. Using the same two-body matrix elements, single-particle energies and
effective charges that were found to be successful in the full sd space for A =19-22, good
agreement with experimental measurements is obtained for Ne leve1s and other members
of the A =24, T=2 system. Some predictions are made for the unreported isotope 24Si.

I. INTRODUCTION

This paper describes a large-basis shell-model
calculation for the A = 24, T = 2 system, with par-
ticular consideration of",,Ne, 4. Although ~Ne is
difficult to study experimentally, there is now a
significant body of data obtained via the "Ne(t, P}-
''Ne reaction, ' ' the "Ne(t, py)'4Ne reaction, a '
and the 'H("Ne, py}' Ne reaction. ' ' Efforts to
understand the '4Ne spectrum in terms of pro-
jected Hartree-Fock' (HFP) and projected Har-
tree-Bogoliubov' (HBP) calculations have not been
successful. It is thus of interest to see whether,
as in the case of '«Mg, ' a shell-model calculation
can reproduce simultaneously the collective and
the individual-particle aspects of this nucleus.
The main sections of the paper describe the cal-
culation and diagonalization of the Hamiltonian
matrices and the calculation of energy eigenvalues
and electromagnetic properties. Two-nucleon
transfer, and the p decays of "Ne and the unre-
ported isotope ' Si are also discussed briefly.

II. CALCULATION OF HAMILTONIAN

The two-body matrix elements used in this work
are those described by Preedom and Wildenthal'
and used in shell-model calculations for A = 19-22,'
and 23 and 24.' They are based on Kuo's realistic
effective interaction, "but have been modified as
described in Ref. 9 to produce better agreement
of shell-model eigenvalues (calculated in the full
sd-shell basis) with experimental level energies
in the A = 18 to 22 mass region. No data from nu-
clei with A & 22 were used in the adjustment. Sin-
gle-particle energies, taken directly from the "Q
spectrum, were equal to -4.15, -3.28, and +0.93
MeV for the Od„„ ls&g2 and Od„, orbitals, re-
spectively. Although all three sd-shell orbitals
were allowed to be active, it was necessary in the
present calculation to restrict occupancy of the d
orbitals in order to keep the dimensionality of the
basis space manageable. Specifically, no fewer

than four particles were permitted in the Od, ~,
shell, and no more than two in the Od3/2 shell.
With these restrictions, the dimensions of the
largest matrix to be diagonalized were 442x442
for J =3.

The diagonalization itself was carried out at the
Oak Ridge National Laboratory on an IBM 360 ser-
ies computer using the Oak Ridge-Rochester shell-
model code, "and the calculation of observables
from the wave functions was done on the XDS Sig-
ma-7 computer of the Michigan State University
Cyclotron Laboratory.

The calculated energy spectrum for ~Ne is
shown in Fig. 1 compared to the experimental spec-
trum as given by Howard et al. ' Also shown are
the calculations of Khadkikar, Nair, and Pandyae
and Goeke, Faessler, and Wolter. ' There is good
agreement between the shell-model spectrum and
all known states of '4Ne. In fact the correspon-
dence is sufficiently close that one may assign the
4.89-MeV state a probable spin and parity of 3'.
Such an assignment is in accord with the experi-
mental observation that the state is relatively weak
in (t, P), as would be expected for an unnatural par-
ity transition.

The calculation for the T = 0 states of '4Mg with
the same Hamiltonian has been described previous-
ly, ' and there is good agreement with experiment
for all but a few levels. However, when the posi-
tions of the lowest T = 1 and T = 2 levels in ~Mg
are calculated, the predicted excitation energies
are too low by a few hundred keV for T = 1 and 2
MeV for T =2. The source of the discrepancy is
apparently the truncation of the basis space. For
a few spins, J=0 and J ~ 8, eigenvalues have been
recalculated in the full sd basis, and the observed
T =0 to T = 2 splitting is then reproduced almost
exactly (Fig. 2}. Furthermore, the positions of
excited 0' and 8' states do not change significant-
ly relative to the lowest 0' state for each value of
T. Thus there is some reason to believe that the
effect of basis truncation is to shift the entire
spectrum for a given value of T without greatly
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FIG. 1. Comparison of shell-model excitation energies
with experimental levels of ~4Ne and with the calculations
of H,efs. 6 and 7.
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altering the level spacings within that spectrum.
In any event the effect of basis truncation is evi-
dently more important for the T =0 states than for
the 7.

' = 2 states, and it seems probable that the
'4Ne spectrum calculated in the full basis would
not be substantially different from that presented
in Fig. 1. (In Fig. 2, the experimental positions
of the 8' states have recently been established by
Branford et al. "and the position of the second 0',
T = 2 state has been inferred from the ~Ne spec-
trum. )
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FIG. 2. Binding energies (relative to ' 0) for states of
spin 0+ and 8+ in 4Mg calculated in the truncated space
and in the full space. Also shown is the location of the
lowest T =1 state calculated in the truncated space. The
experimental binding energies have been corrected for
Coulomb effects.

III. ELECTROMAGNETIC PROPERTIES

The total transition rate for emission of electromagnetic radiation of multipolarity L may be written":

8s(L+1) k~+'
L[(2L+ I)!)]'

where

a(L) =(2Z, +1)-' Q l &Z, kf,r,r.,~e'. IZ, M, r, r„)~'.
N «bfjt m

The electromagnetic operator 8 of rank L, projection m, has the following forms (with the usual nota-
tion):

Electric:

Magnetic:
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In these expressions, v((i) is the isospin operator" of rank 1 and projection 0, defined to have eigenvalues
of +1 or -1 when operating on a proton or a neutron state, respectively, while v', (i) is the isospin identity
operator. The quantity p,„is the nuclear magneton. One can express each electromagnetic operator in
JT space as a sum of isoscalar and isovector operators:

1
6I, g ( I)k IIL((

where Q ~0 is an electromagnetic operator of rank L„projection m in J space, and rank k, projection 0 in
T space:

A

Q~,'(E) =-, Q [e„(i)+(-I)'e~(i)]r(~Y~(k() ~,'(i),

(('.', (I)=;g [(( ~a~,*(.(r [[ I[(.„,((l ~ (-()'a, (([l "', ~ [( (()+(-(['((,.(()[I,}p,~,'(().

The reduced transition probability then becomes:

B(&)= (2&(+I) '(»g+ I) '(«P'g IIII)["III &(T(& t)r, r (T(T.-(10}TF'.g& «8'glllft" III &(T(& )',
where the triple bars indicate that the matrix element is reduced with respect to both J and T.

The results of calculations of E2 and M1 electro-
magnetic transition rates in "Ne are presented in
Table I. Free-nucleon g values have been em-
ployed in the M1 operator. Effective charges of
e~ = 1.5e and e„=0.5e and harmonic-oscillator wave
functions ()Ia(=41A (~) are assumed for the E2
operator. These choices have given a good ac-
count of electromagnetic properties for other sd-
shell nuclei. "' The calculated transition rates for
'4Ne are in excellent agreement with the limited
experimental data available.

One of the objectives of the investigation was to
learn whether the effective charges which gave
good results for isoscalar transitions in N=Z nu-
clei would also be satisfactory for transitions with
isovector components. Vfhile that appears to be

the case for "Ne, it is possible that future, more
detailed experimental data may reveal a need for
changes in e~ and e„. Therefore, Tables II and III
list separately the isoscalar and isovector reduced
matrix elements so that such an adjustment may
be made. From the form of the operators Q~~~(E)

it may be seen that the isoscalar term is propor-
tional to (e„+e~) and the isovector term to (e„-e~).
Hence values of B(M1) and B(E2) may be obtained
for any choice of e~ and e„, and for any T„by ap-
plication of the expressions given above. (The re
duced matrix elements shown in Table III include
factors of e~+e„=2.0 and e„-e~ = -1.0. The ith
excited state of a given J is identified as Z(.) Gen-
erally, E2 transitions are dominated by the iso-
scalar component, and only e~+ e„can be well de-

Initial levelsE„v(psec)J" (Me V) Calc. Exp. '
Final levels
E„Branch (%)J" (MeV) Calc. Exp. b

2+ 1.9808 0.71 1.0+()'4
2+ 3.867 0,02 &0,1

4+ 3.96 0.90
0' 4.6757 3.53 &1.5

3 4.89 0.04

2+ 5,58 0.03

0 0.00
0+ 0.00
2 1.9808
2 1.9808
2 1.9808
2+ 3,867
2+ 1.9808
2+ 3,867
4+ 3.96
o+ o.oo
2+ 1.9808
2 3.867

100 100
4 10

96 90
100 100
98 100

2 0
93 100

6 0
1 0
3 5

95 100
2 5

~ Reference 5.
Reference 3.

c Weak.

TABLE I. Electromagnetic decay properties and mean
lifetimes of 24Ne levels.

TABLE II. M1 transitions in the A =24, T =2 system.
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IU. TWO-NUCLEON TRANSFER

Glendenning" has shown that the differential
cross section for a direct two-nucleon transfer
reaction may be expressed in the form:

IZ G««r. ssr B)«l. (k«k&)l
NLSZT N

TABLE III. E2 transitions in the A =24, T =2 system.

in'tiai Fi"» (~gf'« IIII)"(E) III ' «l a )&1'.=-2)
level level k = 0 k =1 (ts2 fm4)
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termined. However, it is interesting that the
ground-state transition from the second excited
2' state in ~Ne is predicted to be almost entirely
isovector. A more accurate experimental deter-
mination of its partial lifetime would thus be of
value in establishing e„—e~, and hence e„and e~
individually. There is at present no experimental
information on static magnetic dipole and electric
quadrupole moments of states in '4Ne. For the
first excited state (2') these are predicted to be
1.88',„and 0.02 b, respectively. Such a small
quadrupole moment is in marked contrast to the
predictions of Hartree-Bogoliubov theory. '

The y decay of the lowest T = 2 state in ~Mg at
15.436 MeV to T = 1 states at 10.03 and 10.80 MeV
has been observed by Riess et al. '4 The calculated
values of B(M1}for the population of these two
states are 1.15 and 0.75@.„', respectively. The
corresponding width for the transition to the 10.03-
MeV state is 2.2 eV, which may be compared with
the experimental estimate'4 of 1.7 eV.

The structure factors G contain microscopic nu-
clear information, and in particular the amplitudes
for finding two nucleons in various shell-model
states coupled to LSJT. The quantities BN~ depend
on details of the reaction mechanism, however,
and cannot as yet be calculated with great relia-
bility. Nevertheless by making some plausible
assumptions" one can test the shell-model pre-
dictions for the structure factors by comparing
relative cross sections to states of given JT, be-
cause many of the uncertain aspects of B„"~ are
the same for all such states. The structure fac-
tors G may be written

xQ„(nO, NL; LIn, l „n,t, ; L),

where y (—=n, l, j,n, l,j,) implies summation over
all states of the two nucleons, and g= 1 if nial y jy
= n, l,j, and W2 otherwise. The bracket ( }, de-
fined by Glendenning, "transforms from j-j to
L-S coupling; 0„, also defined by Glendenning, is
an overlap integral between the relative motions
of the transferred particles in the projectile and
the residual nucleus; and () ) is a Moshinsky
bracket. The pair transfer amplitude Z~» )» is

1 2
the mixed-configuration two-particle coefficient
of fractional parentage (cfp) defined by Cohen and
Kurath. " It depends on the cfp's between pure j-j
configurations and on the amplitudes of those con-
figurations in the target and residual nucleus vec-
tors. For pure configurations it is equivalent to
the B(J,j,j,) used in Ref. 15 and elsewhere.

In the (t, p) reaction on an even-even nucleus,
the quantum numbers LSJT of the transferred pair
of neutrons are uniquely determined, and only the
summation over the radial quantum numbers need
be carried out. Table IV presents pair transfer
amplitudes Z(jyp2) J p calculated from the shell-rnod-
el wave functions, as well as an "enhancement fac-
tor" A., defined as

2
GN (m~1 S~j2' j

N (ming)g $+I2 ~

Use of this factor exploits the tendency for both G
and B to be largest for the largest allowed value
of N, and permits a crude comparison with experi-
rnent without reference to detailed reaction mecha-
nisms. The comparison in Table IV is with the
"Ne(t, p)~Ne data of Silbert and Zarmie. «The
agreement is only qualitative at best, but Q-value
effects have been ignored and Silbert and Jarmie's
data were taken at E, =2.6 MeV where it is unlikely
that the reaction is entirely direct. Indeed the pu-
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el at 6.03 MeV is seen in (f, p) with a cross sec-
tion 7 times that of the 3.96-MeV state. The cal-
culated level scheme (Fig. I) lends some support
to a 4' assignment for this state since the nearby
levels, 0', 2', and 3+, are predicted to be weakly
populated.
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FIG. 3. Predicted decay scheme for the unreported
isotope 24Si.

tative 3' state at 4.89 MeV, although weak, is
still stronger than the 3.96-MeV 4' state and the
5.58-MeV 3 ' state (at 30(',b), and that would argue
against a completely direct one-step mechanism.
An investigation of the "Ne(t, P)"Ne reaction at
higher energies is in progress. "

It is of interest that the calculation predicts the
second and third 4' states to be substantially
stronger than the lowest, and the unassigned lev-

V. P DECAYS OF Ne AND
'

Si

The P decay of 3.38-min "Ne populates two 1'
states in "Na. The calculation of log ft values for
these transitions has been described previously, "
and the results are in excellent agreement with ex-
periment Ca. lculated log ft values for population
of the 0.47- and 1.35-MeV states are 4.29 and 4.30,
respectively, while measured values are 4.4 in
both cases.

The proton-rich, T, = 2 isotope, "Si has not been
observed, but an experimental measurement of its
mass would be of considerable interest for testing
the isobaric multiplet mass equation (IMME) in an
isospin quintet. On the basis of experimental data
for '4Ne, ' Na, ~Mg, and ~Al, and the present
shell-model calculations, a number of predictions
can be made for '4Si. Its mass may be estimated
directly from the IMME, assuming that the lowest
T =2 state in ' Na lies at 5.97 MeV excitation. "
The resulting mass excess, 10.76 MeV, implies
that ~Si is stable against proton decay by 3.30
MeV, against two-proton decay by 3.43 MeV, and
against a decay by 9.18 MeV. The P' decay to the
lowest 1' states is analogous to the decay of "Ne.
Additional states at higher excitation are accessi-
ble, and the log ft values of transitions leading to
the next four 1+ states have been calculated from
the shell-model wave functions. These states,

TABLE IV. Calculated pair transfer amplitudes for 22Ne(t, p)24Ne.

(MeV)
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-0.0560

-0.0582

-0.1892

-0.0414
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0.0438

0.0286

-0.0439

-0.1148

0.69
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0.06

0.08
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31

(Cr&/Oi), „

1.92

1.52
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and the lowest T = 2 state, are above the proton
breakup threshold. The results of these consid-
erations are summarized in Fig. 3. The half-life
of ~Si (from the seven decay branches shown} is
estimated to be 115 msec.

VI. CONCLUSIONS

Essentially all of the experimentally known prop-
erties of "Ne have been reproduced by the shell-
model calculations presented here. The agree-
ment between theory and experiment is particular-
ly close for energy eigenvalues and electromagnet-
ic transition rates. A similar comparison for two-
nucleon transfer cross sections is vitiated by un-
certainties in the reaction theory, but qualitative
trends appear to be satisfactorily accounted for.
The microscopic structure of '4Ne is evidently
rather complex, for it is not well explained in
terms of Hartree-Fock or Hartree-Bogoliubov'

calculations. Although the spectra of ~Ne and "O
are quite similar, as noted by Howard et al. ,'
which might be explained by closure of the Od»,
neutron shell at N= 14, this attractive analogy is
not supported by detailed examination of the ca1.—

culated wave functions. They show little evidence
for shell closure, and it seems the resemblance
is partly fortuitous.

It is particularly gratifying that these results
have been obtained with a model Hamiltonian that
makes use of no data from the mass region A & 22.
One is encouraged to believe that the effective
Hamiltonian approach will have very wide appli-
cability.
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