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The techniques that have allowed the study of reactions of nuclei situated at or near
the neutron or proton drip line are described. Nuclei situated just inside the drip line
have low nucleon separation energies and, at most, a few bound states. If the angular
momentum in addition is small, large halo states are formed where the wave function of
the valency nucleon extends far beyond the nuclear radius. We begin with examples of
the properties of nuclear halos and of their study in radioactive-beam experiments. We
then turn to the continuum states existing above the particle threshold and also discuss
the possibility of exciting them from the halo states in processes that may be thought
of as \collateral damage". Finally, we show that the experience from studies of halo
states has pointed to knockout reactions as a new way to perform spectroscopic studies
of more deeply bound non-halo states. Examples are given of measurements of l values
and spectroscopic factors.

1. INTRODUCTION

The study of nuclei far from the valley of beta stability has progressed in a way that
calls to mind the development of nuclear physics in its earlier days. Decisive insight into
the structure of the nucleus came with the emergence of induced nuclear reactions as a
tool. Rapid progress was made in the sixties with the development of accelerators and
spectrometers allowing studies with high resolution. In a similar way, the challenging
problem of studying the properties and structure of nuclei far from stability was clearly
posed in 1966, the time of the �rst conference [1] in the series that currently is referred
to as the ENAM conferences. However, for a long time to come and just as in classical
nuclear physics, there were only two main methods available. One was based on studies
of �, � and  radiations from radioactive decays. The other involved measurements of
ground-state properties: masses, spins, nuclear moments and charge radii (from optical
isotope shifts). These techniques continue to play a role in modern studies of exotic nuclei,
and number of examples can be found in the present volume [2].
A new era began only a little over a decade back, when reactions induced by radioactive

beams entered the stage. The status of the �eld of exotic nuclei at this juncture in time
has been documented in a volume edited by Bromley [3]. In this, an article by Tanihata
[4] discusses the emergence of fast beams from fragmentation. The �rst application of
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this method [5] was to determine nuclear matter radii from measurements of interaction
cross sections, a technique that continues to play an important role, see the review [6].
These pioneering experiments immediately gave a surprising result that drew attention
to the new �eld. The cross sections for certain neutron-rich isotopes, 11;14Be and 11Li,
turned out to be anomalously high. They were interpreted in terms of the formation of
a nuclear halo, created by the penetration of the wave function of the last nucleon(s) to
large distances, far beyond the central part of the nucleus. Soon after, this interpretation
found con�rmation in the observation [7] of a narrow transverse momentum distribution
for the heavy residue in the breakup of a halo system. Qualitatively, this is what should be
expected from Heisenberg's uncertainty principle. The extended wave function in spatial
coordinates is represented by a narrow wave function in momentum coordinates. In the
following years a large e�ort has been dedicated to the study of halo systems. Recently,
it has become clear that some of the techniques developed for the halo have a wider
applicability to non-halo states.
This review is divided into three main parts. We begin by a discussion of some of the

salient features of halos and their reactions. The next section deals with single-particle
structure in neutron-rich ensembles that have no bound states (i.e. that are "beyond the
drip lines"), and it gives an overview of other continuum and threshold e�ects in experi-
ments. The last section discusses the extension of direct-reaction methods, �rst developed
for halos, to non-halo states. It will be shown that it is possible to perform precision spec-
troscopy via single-nucleon knockout reactions in inverse kinematics at typically 50-1000
MeV/nucleon. In these experiments, the shapes of the parallel-momentum distributions
of the projectile residues determine the l values while the absolute cross sections to speci�c
�nal levels give spectroscopic factors.

2. STRUCTURE AND REACTIONS OF HALO NUCLEI

For many nuclei close to the drip lines, the weak binding of the last nucleon (or nucleon
pair) may lead to a wave function with an external "tail" extending far outside of the
nuclear core as a result of quantum mechanical barrier penetration. This structure is
referred to as a halo state, see the reviews [8{10] and a number of papers in [11]. Examples
of single-neutron halos are the ground states of 11Be, 14B, 15C, and 19C. Since the binding
energy of a halo neutron is small as well as critical for its properties, it has become
customary to calculate the radial wave functions in a potential-well model that reproduces
the experimental separation energy. It is usually necessary to evaluate radial integrals out
to very large distances (40-100 fm). Halos with two neutrons depend on the n-n interaction
for their stability. The best cases, so far, are 6He, 11Li, and 14Be.
Proton halos are less pronounced because of the Coulomb barrier. This is the general

reason why the shell models based on e�ective interactions work well in describing the
properties of proton-rich nuclei. There are, however, cases where the extended wave
function of a proton halo becomes important. The (weak) tail of the l=1 odd proton
orbital of 8B is well known for its role in the solar neutrino problem, and the l=0 excited
level at 495 keV in 17F is also of considerable interest to nuclear astrophysics [12]. For the
8B case, Mukhamedzhanov and Timofeyuk [13] and also Esbensen and Bertsch [14] have
discussed how it is necessary to introduce wave functions with the correct asymptotic
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Figure 1. Radial wave functions �(r) = rR(r) for the single-particle components of the
1s1=2 and 0p1=2 levels in

11Be, bound by 0.503 and 0.183 MeV, respectively. Their rms
radii are 7.26 and 6.31 fm, respectively. The radius of the 10Be core of 2.36 fm is indicated
by the dotted-dashed line. The level scheme shows the measured reduced E1 transition
probabilities (in e2fm2) between the states and from the ground state to the continuum.

behavior in order to describe reactions at large distances. The former paper makes use of
the exact analytical form of the Coulomb wave function and the latter of a Woods-Saxon
wave function. Proton halos with l=0 are not encountered as ground states until the light
phosphorus isotopes [15], where the 1s1=2 state �lls following the Z=14 sub-shell closure.
Here the Coulomb barrier is already so high that the tails of the halo wave functions are
not very pronounced, as can be seen from a �gure in this paper. This assignment has
been con�rmed experimentally [16].
An e�ect similar to the halo arises from the large di�erence in the Fermi energies for

protons and neutrons in nuclei with a large neutron excess. This results in a neutron
radius that is markedly larger than the proton radius, a phenomenon that has been
named the "neutron skin" [17]. An example of this is 8He, which also may be thought
of as a four-neutron halo. The actual size of the skin is also related to the symmetry
energy between neutrons and protons [18]. On theoretical grounds the skin is believed
[19] to lead to a more di�use nuclear surface, which has interesting consequences for the
spin-orbit interaction and for the pairing in nuclei close to the drip lines. For the sodium
isotopes, experimental information is available on both the proton and neutron radii, and
this has been compared with microscopic calculations based on density-dependent Skyrme
interactions [20]. The Skyrme method can relate properties of exotic nuclei over a wide
mass range [18], and it has been used by Brown [21] to give an important new constraint
on the equation of state for neutron matter.
Many papers have discussed the structure and reactions of halo states and a general

review is not possible within the constraints of the present paper. We use in the following
sub-sections the example of the nucleus 11Be to illustrate some of the main features. The
radial wave functions corresponding to the (dominant) single-particle components of its
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two (only) bound states are shown in Fig. 1. The 1

2

+
and 1

2

�
states are both halos; they

have 91% and 87%, respectively, of the probability outside of the 10Be rms radius of 2.36
fm.

2.1. Basic Properties of Halo States

Excellent overviews of the properties of halo nuclei have been prepared by Riisager,
Fedorov and Jensen [9], and by Jonson and Riisager [10]. The basic conditions for the oc-
currence of one- and two-neutron halo systems have been discussed in Refs. [22,23]. Halos
are found in systems bound by short-range interactions and require that the ground-state
wave function has an appreciable single-particle component. Furthermore, pronounced
halos are only possible for low values of the angular momentum. Two-body halos with
l=0 or 1 have a diverging rms radius as the binding approaches zero. If three-body halos
are described in an expansion in hyperspherical harmonics, see Zhukov et al. [24], the
appropriate quantum number is the hypermomentum K. For halos with a neutron pair in
a 0+ state, the favored values of K are 0 or 2. Because of the Coulomb barrier, a proton
halo will remain �nite [22], even as the separation energy approaches zero.
A recent paper has considered for which nuclei one has the best chance of encountering

halo systems [25]. Basically these are the regions where l=0,1 states appear at the Fermi
surface. It is possible, however, that changes in the nuclear surface due to weak binding
and skins may change the level order and lead to low l states in many drip-line nuclei.
Mizutori et al. [26] have looked at the possibility of halo and skin systems in heavier
nuclei using mean �eld calculations. They �nd that pairing may be a dominating e�ect
and could limit the number of halo cases. A similar conclusion was reached by Bennaceur
et al. [27], who �nd a possibility of large halos in odd-N nuclei but a "pairing anti-halo
e�ect" in even-N nuclei. (The existence and nature of strong pairing is, of course, also
of interest in itself.) Finally, an interesting possibility in two-nucleon halo systems is the
existence of E�mov states. These states, which would be bound by only a few keV, are a
three body e�ect in which the valence neutrons can extend to a size of 100 fm or more [28].
At present there is no experimental evidence for such states, but the problem continues
to draw theoretical interest, see [29,30].
It is interesting that halos, so far, only have been directly observed in nuclear physics

experiments, although other areas of quantum physics o�er systems with the right prop-
erties. The paper of Riisager et al. [9] uses a scaling relationship to relate sizes and
binding energies of two-body halo systems taken from di�erent areas of quantum physics.
Theoretical estimates point to systems that could have considerably larger radii in these
units than the nuclear halos. In molecular physics, an example would be the helium
dimer, bound by the van der Waals force. In particle physics, the only example seems to
be the hypertriton consisting of a � orbiting a deuteron. Halos are not possible in neutral
atoms, for which an electron always must experience the long-range Coulomb potential at
large distances. The Rydberg states, in spite of their large size, are not halos but natural
members of the Balmer series. On the other hand, negative ions, which have vanishing
interaction at large distances between an electron and the neutral residue, can become
very large. A special case is the binding of an electron to a molecule with a very large
electric dipole moment, a general phenomenon predicted by Fermi and Teller [31]. The
e�ect has recently been observed in some cases. For the acetonitrile molecule, studied by
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Desfrancois et al. [32], the dipole bound state is actually the ground state of the negative
ion since acetonitrile has negative electron a�nity. If the electron attaches itself to the
core, as is the case for the negative hydrogen ion, the electronic halo is small [9].
It is characteristic of weakly bound nuclei that their continuum structure plays a much

more prominent role than it does for normal nuclei. A typical halo nucleus has only
a few bound states and often only one, and couplings to single-particle unbound states
may give appreciable strength at low energy. In connection with the electric excitation of
the 11Li halo, this was referred to [33] as a \very soft" dipole mode in the meaning of a
low-frequency single-particle excitation. In heavier nuclei, the coupling of low-lying reso-
nance modes to the giant resonance(s) may be more complex and have a more collective
character. For example, Hamamoto et al. [34] have investigated the resonance structure
of drip line nuclei using QRPA and found that considerable isovector and isoscalar dipole
strength is moved to lower excitation energies. We shall return to these problems in con-
nection with the discussion of electric properties of halo systems. Theoretical calculations
of halo systems can become quite complex. It is imperative to allow for the large size of
wave functions, and often strong non-perturbative couplings to intermediate states (and
the continuum) and �nal-state interactions from resonances [35,36] have to be included.
Such strong e�ects have been seen experimentally, for example, in the Coulomb excitation
of 8B near the barrier energy [37].
Studies of beta and gamma decays and of beta-delayed particles have played an impor-

tant role in halo studies. The original discovery of the neutron halo by Millener et al. [38]

came as a conclusion based on the surprisingly short lifetime of the 1

2

�
excited state of

11Be, see Fig. 1. The emission of deuterons and tritons following beta decay, discussed in
the review by Jonson and Riisager [39], is linked directly to the low binding of the halo
neutrons. In a recent experiment on the beta decay of 11Li, Borge et al. [40], see also ref.
[39], obtained beta-decay matrix elements from measurements of beta-delayed neutrons.
They used this to con�rm the theoretical expectation that the last neutron pair is in
a strongly correlated state with a �fty-�fty mix of the regular p2 component and an s2

intruder. Other experiments that support this �nding will be discussed below. The main
tool in halo studies has, however, been nuclear reactions observed with the halo state as
the beam particle in what is usually referred to as inverse kinematics. We devote the
following subsections to this aspect and in particular to one-nucleon removal reactions,
which have become a very valuable tool for elucidating halo structure.

2.2. Electromagnetic Excitation of Halo States

The transition probability between the bound states of 11Be has been re-measured
in intermediate-energy Coulomb excitation experiments in inverse kinematics, see Ref.
[41] and references therein. These con�rm that the reduced transition probability B(E1)
indeed is as large as 0.1 e2fm2. By normal standards, this is a very large value for a
transition between low-lying bound states. Still, it is more than an order of magnitude
smaller than that of the E1 transitions of low energy leading from the ground state to
the 10Be+n continuum, see Fig. 1. The large magnitude of the dissociation cross sections
in intermediate-energy collisions of halo states with high-Z nuclei o�ers strong evidence
for the halo, see Fig. 2 based on data and calculations from [42{45], and corroborates
information from interaction cross sections [17] and momentum distributions [46]. (Here
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Figure 2. Measured inclusive cross sections for the (11Be,10Be) reaction at 41 MeV/nucleon
on targets of Be, Ti, Au (circles) [43] and Si (square) [44]. Data at 33 Mev/nucleon on
C and Al [42] (triangles) have been downscaled by 10% to compensate for the energy dif-
ference. The full-drawn lines are the calculations by Hencken et al. [45] of the Coulomb
and inclusive removal cross section. The dashed lines represent a schematic calculation
[43] based on a simpli�ed black disc model but including Coulomb-nuclear interference.
The calculations assume a 1s1=2 spectroscopic factor of unity, whereas the currently ac-
cepted values [46] are 0.74 (1s1=2) and 0.18 (0d5=2). Inclusion of these would improve the
agreement with the measured inclusive cross sections.

and in the following, we refer to reactions of the type (11Be,10Be) as dissociation reactions,
whether or not the removed neutron is observed.)
The general theory of Coulomb dissociation reactions of halo nuclei has been discussed

by a number of authors, see [47{51]. The striking feature is that the absolute E1 cross
sections can be accounted for almost quantitatively by a model in which both the ground
state and the continuum �nal states are taken to be extreme single-particle states. Since
all possible excitation channels of the core-nucleon system are included in this picture,
it follows that the low-energy spectrum exhausts the appropriate "molecular" sum rules
given by Alhassid et al. [52]. In their simplest form, corresponding to a single neutron
coupled to an inert nuclear core, they have frequently been applied to halo systems [33,53{
55]. The approximate non-energy-weighted and energy-weighted sum rules, expressed in
terms of the �nal kinetic energy E, are

�0 =
Z
1

�1

dE
dB(E1)

dE
=

3

4�

�
Ze

A

�2
hr2i (1)
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and

�1 =
Z
1

�1

dE
dB(E1)

dE
(E � Egs) =

9

4�

�
Ze

A

�2 �h2

2�
; (2)

where � is the reduced mass. Eq. (1) has been veri�ed directly by Nakamura et al. [56],
who found �0 to be 1:3� 0:3 e2fm2. With an assumed rms halo radius of 7.26 fm taken
from Fig. 1 one obtains a theoretical value of 1.66 e2fm2 from Eq. (1), which reduces to
1.23 if it is taken into account that the spectroscopic factor of the halo con�guration must
be close to 0.74, see Ref. [46].
The observation of the energy spectrum [56] (discussed again in section 3) and the

absolute di�erential cross section as a function of angle [43] prove the validity of the
energy-weighted sum rule. The ratio of the two sum rules gives the average excitation
energy

hE�i = 3�h2

2�hr2i �
6Sn
1 + x

; (3)

where the last expression assumes a bound l=0 state with the neutron separation energy
Sn, and x is a �nite-size correction of order unity. One �nds hE�i=1.5 MeV for Coulomb
excitation of 10Be+n. The prevalence of strength at low energy is also observed for two-
neutron halos, and the sum rule has been used [33] to give a rough prediction of 0.9
MeV for the average 11Li excitation energy in Coulomb excitation in good agreement
with experiment [57]. The strong E1 transitions to the continuum are, of course, also
felt strongly in the inverse channel corresponding to direct neutron capture. This was
discussed very early by Uchiyama and Morinaga [58] and later in papers by Mengoni et
al. [59].
According to Eq. (3) the average E1 excitation energy is inversely proportional to the

square of the halo radius and roughly proportional to the separation energy of the halo
neutron. The intense continuum strength just above the particle threshold becomes, so
to say, a mirror image of the bound state existing just below threshold. We return to
the phenomenon of threshold e�ects in section 3. The large E1 strength at low energies
contrasts in a dramatic way with the properties of "normal" nuclei (the deuteron excepted)
and is reminiscent of the photoelectric process in an atom, which also has essentially
single-particle strength. For nuclei near the valley of beta stability, the coupling to the
giant dipole resonance typically reduces the electric dipole strength of low-energy E1
transitions by several orders of magnitude. It is interesting that this strong hindrance
is relaxed also in some more stable nuclei, for which cluster structures are believed to
play a role. The work by Gai et al. [60{62] found cases where the E1 transition strength
reached approximately one hundredth of a Weisskopf unit, still weak compared with the
halo systems,
The Coulomb method has been applied to many cases. As an illustration of its power

we can take the Coulomb breakup of 19C. For this isotope, Nakamura et al. [63] have

recently shown from their Coulomb dissociation data that the ground state is 1

2

+
and that

the binding energy is in the range of 600 keV, considerably larger than suggested by other
experiments. This makes 19C a well-developed single-neutron halo system, comparable to
11Be.
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2.3. Nuclear Reactions of Halo States

This Section deals principally with the dissociation of halo states via nuclear interac-
tions. Still, we would like initially to remind the reader of other types of reactions that
also have contributed to the understanding of nuclear halos.

2.3.1. Total, elastic and fusion cross sections

As mentioned in Sect. 1, the measurements of interaction cross sections have been of
primary importance as a source of information about matter radii, see the recent papers
refs. [6,64]. Elastic and inelastic scattering experiments have been made for halo and skin
nuclei by using inverse kinematics, where the role of target and beam are interchanged.
For example, proton elastic scattering of 11Li has been studied at GSI and RIKEN by
bombarding hydrogen targets by a 11Li beam [65{67] and compared with theoretical
models, see e.g. Ref. [68].
An interesting question is the e�ect the halo will have on fusion-evaporation reactions

near barrier energies. One might imagine that the halo could signi�cantly enhance these
cross sections. On the other hand, the weak binding of these nuclei could lead to breakup
e�ects that diminish the cross sections. Attempts have been made by various authors to
measure and understand these e�ects. The transfer and breakup modes of 6He on 209Bi
were studied recently with the radioactive beam facility at Notre Dame University [69].
The result was a large neutron transfer cross section, which may account for the large
observed sub-barrier fusion enhancement in this system [70]. A more recent experiment
performed at the Louvain-la-Neuve radioactive beam facility has also seen evidence for
fusion enhancement at near and below barrier energies in a comparison of 4He and 6He
induced fusion [71]. Various experiments have searched for enhancement in fusion cross
sections due to the halo. Experiments at RIKEN [72] and GANIL [73] have used a 11Be
beam to search for such an enhancement. A radioactive 17F beam was used at Argonne
National Laboratory to search for the e�ect in a proton halo case [74].

2.3.2. Dissociation of the single-neutron halo

The cross sections for Coulomb dissociation of halo nuclei are remarkably large, up
to several barns. However, reactions with light targets also show large cross sections
and narrow momentum distributions. The �rst such case was the observation [7] of a
narrow transverse momentum distribution of 9Li fragments from the reaction of 11Li on
a carbon target. General reviews of the reaction mechanisms within the framework of
simple nuclear models have been given by Barranco and Vigezzi [75] and by Jonson [76].
Nuclear reactions at intermediate and high energies may conveniently be treated in the

eikonal approximation, which is valid if the energy is high and the scattering angle small.
The form known as Glauber theory has been widely used for calculating nucleon-nucleus
and nucleus-nucleus reactions at high energies. At the same time the collision time is
short, so that it becomes permissible to treat the evolution of the �nal states in the
sudden approximation. The paper by Bertsch, Brown and Sagawa [77] and subsequent
work [78,79,45] has applied these techniques to halo interactions with light targets. From
the eikonal model it also follows that the outgoing fragment's longitudinal momentum
distribution reects the momentum content of the wave function in the volume sampled
by the projectile's interaction with the target [80{82]. The cross sections and momentum
distributions are thus very sensitive to the angular momentum and separation energy of
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the nucleon in the initial state.
In this article we will use the notation of Tostevin [83]. It is assumed that the nucleon

is described by a normalized single-particle wave function with quantum numbers (nlj)
moving with respect to the core of remaining nucleons in state c � I�. Such con�gurations
are written j�cJMi, where J is the magnitude and M the projection of the projectile's

ground-state total angular momentum, ~J = ~I+~j. In the most frequent type of experiment,
in which only the heavy residue is detected and not the neutrons, the single-particle
cross sections are a sum of two contributions. These are usually referred to as elastic
breakup (di�raction dissociation) and absorption (stripping) [84], so that we have �sp =
�diffsp + �strsp . In the former, the nucleon and the heavy residue emerge from the reaction
with essentially beam velocity. In the latter, the nucleon is scattered inelastically. These
two contributions are computed separately, as integrals over the projectile's center of mass
impact parameter, using [83]

�diffsp =
1

2J + 1

Z
d~b

2
4X

M

h�cJM j j(1� ScSn)j2j�cJMi �
X
M;M 0

jh�cJM 0j(1� ScSn)j�cJMij2
3
5 (4)

and

�strsp =
1

2J + 1

Z
d~b
X
M

h�cJM j(1� jSnj2)jScj2j�cJMi: (5)

Here the quantities Sc and Sn are the elastic S-matrices, or pro�le functions [85,86], for the
core-target and removed neutron-target systems, expressed as functions of their individual
impact parameters. These are calculated using the optical limit of Glauber theory [87].
The neutron-core relative motion wave functions j�cJMi are usually calculated in a Woods-
Saxon potential with the depth of the potential adjusted to reproduce the separation
energy of the nucleon. For high energies, for high l values, and for deeply bound states,
the contribution from Eq. (5) is the largest, typically by a factor 2-3.
Equation (5) allows a simple interpretation. It is the integral over impact parameter

and average over M substates of the joint probability of the core being left intact by
the reaction (given by the quantity jScj2) and of the nucleon being absorbed (given by
the quantity (1 � jSnj2)). The di�ractive cross section, Eq. (4), is derived within the
spectator core plus nucleon model by using closure to eliminate the necessary integral
over all continuum �nal states of the dissociated core and nucleon. The use of closure
for obtaining the continuum contribution is clearly an excellent approximation for halos,
where the ground state often is the only bound state. It is more doubtful how well it
applies to deeply bound states such as the applications to be discussed in Sect. 4. Fig. 2
compares the results obtained for the removal cross sections 11Be in two eikonal models,
one very simple and one more realistic.
Theoretical calculations of the longitudinal momentum distributions of the core frag-

ments may without signi�cant loss of accuracy be made in a simpler model, based on the
black-disc approximation [81,82]. In this, Sc and Sn are assumed to be unity outside of
a cuto� impact parameter and zero inside [81]. A good choice for core impact parameter
cuto�s is to de�ne them to reproduce core-target reaction cross sections [88], respectively
the free-neutron reaction cross section (approximately 290 mb on a beryllium target at
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Figure 3. The experimental longitudinal momentum distribution [46] for the
9Be(11Be,10Begs)X reaction at an incident energy of 60 MeV/nucleon. The experimental
data have been corrected for a 22% contribution from reactions leading to 10Be excited
levels. The errors are smaller than the point size. The full-drawn lines are calculations for
l=0,1,2 in an eikonal approximation [46] and the heavy dashed line is the time-dependent
treatment by Bonaccorso and Brink [91]. The calculations have been adjusted to the
maximum height of the data (in arbitrary units).

60 MeV/nucleon). The widths of the momentum distributions are quite insensitive to the
precise choice of the target radius and even the absolute cross sections agree well with
more accurate approximations. As an example, Fig. 3 from the work of Aumann et al. [46]
shows the longitudinal momentum distributions from the 9Be(11Be,10Begs)X reaction. As
we know today, the original experiment [89] that found the narrow distribution on a light
target included a 22% contribution of reactions leading to excited states. This has been
subtracted in the data of Fig. 3, which shows good agreement with the calculation assum-
ing l=0 and de�nitely excludes l=1,2. There are small but distinct deviations, a slightly
larger width and also an excess of events (a "tail") on the low-momentum side. It has
recently been demonstrated by Tostevin that these e�ects arise in the di�ractive channel.
They are linked to energy conservation and can be accounted for in a fully quantum-
mechanical calculation based on the discretised continuum coupled-channels method [90].
An alternative treatment, by Bonaccorso and Brink, has also been applied to the lon-

gitudinal momentum distributions of neutrons from the breakup of halo states [91{93].
They use a semi-classical (constant velocity, straight line) approximation for the relative
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Figure 4. Measured [43] exclusive angular distribution in the laboratory system of neu-
trons from the reaction 9Be(11Be,10Be+n)X at an incident energy of 41 MeV/nucleon.
The theoretical total (full drawn line) is made up of three components. The main contri-
bution arises from di�ractive scattering of the neutron [91]. The excess at small angles is
due to a combination [95] of shakeo� and Coulomb dissociation, which contribute a total
of 16 mb. Inclusion of a �nite-size correction (see [81]) would increase this by about 11
mb and would improve the agreement with experiment somewhat.

motion of the core and target, with a lower impact parameter cuto�, but a (nonsudden)
quantum-mechanical treatment of the interaction of the neutron with the target. The
treatment deals with the di�ractive and the stripping parts in a consistent way, and for
the longitudinal momentum distribution shown in Fig. 3 it gives results that are very close
to those obtained in the eikonal theory.
Only a few experiments have provided direct experimental evidence separating the

di�ractive breakup of the halo from the stripping reaction. This normally requires detec-
tion of the di�racted neutrons in coincidence with the charged residue. The characteristic
signature [94] is a broad neutron angular distribution with an opening angle at half max-
imum of the order of �1=2 = 1:6=(kRT ), where k is the neutron wave vector and RT

the target radius. The result obtained by Anne et al. [43] for the case of 11Be, shown
in Fig. 4, is in good agreement with this qualitative estimate. According to theory, the
angular distribution of the neutrons has three contributions. The dominant one, calcu-
lated by Bonaccorso and Brink [91], is di�raction dissociation contributing 260 mb in
good agreement with the experimental value of 240�50 mb. The excess of intensity at
small angles is attributed [95] to Coulomb dissociation (9 mb) and to shakeo� (18 mb if
a correction for the �nite-size e�ect is included). We will discuss the shakeo� e�ect in
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section 3.2. In an experiment using a silicon multi-detector telescope as an active target,
Negoita et al. [44] were able to measure separately the elastic-breakup and absorption
cross sections as a function of energy. Their inclusive result for 40 MeV/nucleon is shown
in Fig. 2.
Most calculations have calculated the cross sections from Coulomb and nuclear dis-

sociation separately and have assumed that they add incoherently. Two new papers go
beyond this and apply their �ndings to the data for Be, Ti and Au targets obtained by
Anne et al. [43]. Possible interference e�ects are the subject of the paper by Margueron
et al. [96], who conclude that they are small but should be detectable. Fallot et al. [97]
also treat the two interactions together. They follow the time evolution of the halo wave
function in a stepwise fashion and and �nd the large transverse momentum components
associated with di�raction at small impact parameters for both heavy and light targets.
In these papers [97,98] this e�ect is also referred to as the "towing mode".
There is considerable experimental evidence showing the existence of proton halos.

Reaction cross section data for 8B indicate that it has a signi�cantly extended wave
function [99]. Smedberg et al. [100] have observed a narrow longitudinal momentum
distribution for 7Be fragments from proton removal from 8B. Similar results were found
by Kelley et al. [101]. This is a particularly interesting case since the 8B wave function
has a strong inuence on proton capture in the Sun, which is the source of the high
energy neutrinos detected by most solar neutrino detectors on the Earth. This extended
wave function has also complicated the interpretation of the Coulomb breakup of 8B
since nuclear interactions interfere with Coulomb interactions even at large radius [36,37].
Esbensen and Bertsch [14] use this example to illustrate that the couplings in nuclear-
induced breakup of halo nuclei are much too strong to justify the frequently used �rst-order
or truncated coupled-channels calculations.

2.3.3. Reactions of the two-neutron halo

Much e�ort has been dedicated to the problem of the two-neutron halo, especially to
the cases of 11Li and 6He. These are examples of three-body systems with the Borromean
property, a term coined by Zhukov et al. [24] to denote systems for which the two-body
sub-systems are unbound. The fact that, say, 11Li is bound only through the combined
e�ect of the 9Li+n and the n+n interactions led to the expectation that the central-�eld
approximation will fail and that the wave function will show correlations reminiscent of
the classic problem of the helium atom in atomic physics. The e�ects, indeed, turn out to
be much more important in the nuclear case. This subject has become too detailed to be
discussed in this paper, but we refer to reviews cited above, to other papers in this volume
and, especially, to a series of recent theoretical papers by Jensen and his collaborators
[9,25,35,95,102{104]. The model developed by these authors starts from a three-body
picture. It includes Coulomb and nuclear reaction contributions on an equal footing and
it uses a consistent set of parameters to treat all observables.
A central issue has been the angular-momentum components in the two-neutron wave

function of 11Li. Measurements of �-decay provided the �rst evidence for a mixed s2 + p2

structure, see Refs. [39,40,105,106]. Studies of the two-neutron halo by nuclear reac-
tions were at �rst di�cult because the direct experimental observables in Coulomb and
nuclear reactions all are complicated by contributions from the reaction mechanism that
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we have only slowly learned to disentangle. An important step in this direction was the
paper by Barranco et al. [107,75] showing how the transverse momentum distributions
are inuenced by di�ractive and Coulomb e�ects and by �nal-state interactions. It is for
these reasons that the longitudinal momentum distributions have come to play such an
important role in the elucidation of the one-neutron halo, see Fig. 3. These are relatively
free from di�ractive and Coulomb e�ects and �nal-state interactions are absent or very
small. The recent paper by Simon et al. [108] suggests a new way of attacking the prob-
lem of the two-neutron halo. Basically, as applied to 11Li, the idea is to reconstruct the
combined momentum of the 9Li+n residue in a stripping reaction on a light target. This
directly relates to the momentum distribution of the stripped neutron in the same way as
that of the core recoil from stripping of a single-neutron halo. The shape, shown in Fig. 5
can only be �tted with a superposition of s2 + p2 components with about 50% of each.
(For comparison, the p2 contribution to the ground state of the helium atom is only 0.5%,
see Slater [109].) An additional observable, not studied previously, is the relative phase
between the components of the wave function. It was, for the �rst time, determined di-
rectly in the same experiment by observing the angular distribution of the decay products
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from the recoiling 10Li (Fig. 6). The strong forward-backward asymmetry demonstrates
the interference of the l=0,1 �nal states in the single-neutron removal reaction. Similar
experiments have been carried out for 6;8He by Markenroth et al. [110]. The theory of
the angular distribution in these experiments has been discussed by Garrido et al. [103],
who successfully accounted for the forward-backward symmetric angular distribution in
6He and predicted the asymmetry in 11Li.

3. BEYOND THE DRIP LINES AND ABOVE THE PARTICLE THRESH-

OLD

The nucleon drip lines de�ne the boundaries in the (N,Z) plane where the nucleon
separation energy vanishes. Neutron-rich nuclei just inside this limit have few bound
states and the rest of the energy spectrum consists of broad continuum eigenstates. For
proton-rich nuclei, the threshold e�ects are often less important since the Coulomb barrier
reduces the decay widths. The proton radioactivities, discussed in a recent review by
Woods and Davids [111], are actually beyond the drip line. Still, their spectra can be
strikingly similar to those of nuclei near the valley of beta stability. As an example, the
ground state of 141Ho [112] is represented by the same 7

2

�
[523] Nilsson orbital that forms

the ground states of holmium isotopes at the stability line (A=165). For the neutron-
rich nuclei, the continuum states play a much more important role. In the following we
discuss this from two di�erent angles. The �rst is that it is in certain cases possible
to explore single-particle structure in the continuum via experiments on resonances and
�nal-state interactions. The second aspect, obviously important for the interpretation of
such experiments, is that the nearness of the continuum to bound states leads to threshold
e�ects of a nature that is well known from other areas of physics and that have also been
observed for halo nuclei.
The continuum part of the spectrum must also enter into the theory of nuclei near the

drip lines, but apart from the following remarks this is outside the scope of this paper.
Most often, the continuum states are not explicitly considered in the shell-model descrip-
tion of nuclear structure, but they become important for discussing the outcome of reac-
tions. An example is provided by the deviations in the parallel-momentum distribution
shown in Fig. 3, where the explanantion [90] has been given in terms of a coupled-channel
calculation involving the 10Be+n continuum in a number of l channels. Another recent
example [113] dealing with the problem of radiative proton capture in nuclear astrophysics
has considered the coupling of many-particle bound states to one-particle scattering states.

3.1. Single-Particle Continuum States Near the Drip Lines

We consider here methods for studying the structure of nuclear systems that only have
a continuous spectrum, and take as a speci�c example 9Li+n, which has no bound levels.
It would clearly be ideal to measure the phase shifts in elastic scattering as a function
of energy, but although both species exist as beams, neither is available as a target of
su�cient thickness. An alternative is to observe resonances in the (unbound) residual
nucleus in two-body breakup reactions, where the the (bound) partner is observed in an
inclusive reaction. The reaction 11B(7Li,8B)10Li has been used by Young et al. [114] and
by Caggiano et al. [115], and the approach is also open to radioactive beams. Problems,
however, arise if the states involved are broad and do not have resonance character. In
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Figure 7. Energy systematics for the the N=7 isotones as a function of the proton number.
The di�erence is taken between the lowest 1=2+ and 1=2� levels (even Z) and between
the lowest 2� and 1+ levels (odd Z). The full drawn curve is the theoretical calculation
with the WBT interaction [117,125]. The dashed line shows the result of calculating the
level energies within the same model, but without the pairing e�ect. (This is equivalent
to taking the lowest Slater determinant for each spin.) The decrease of 3.3{4.5 MeV in
the full model arises mainly from pairing in the p shell, but quadrupole deformations also
play a role, especially near the middle of the diagram. The systems 10Li and 9He have no
bound states. (Based on [117].)

this situation it is sometimes a solution to investigate reactions in which 9Li+n is formed
as a �nal state. This is usually referred to as the observation of �nal-state interactions,
and is the classical way of studying neutron-neutron, pion-pion, or pion-kaon forces. In
the following we give examples of precision studies of this kind performed with radioactive
beams. This �eld is still relatively new.
We take the the N=7 isotones, to which 10Li belongs, as a transparent paradigm of the

disappearance of the magic shell gaps in nuclei far from beta stability. Here, an intruder,
a 1=2+ level from the 1s0d shell, is known to appear as the ground state in the last stable
nucleus in this sequence, 11Be, as discussed in section 2 and illustrated in Fig. 1. It is
clearly interesting to see how this trend continues beyond the drip line in the neutron-
unbound systems 10Li and 9He. The current status, including the new data discussed
here, is illustrated in Fig. 7. For the two unbound systems, the data and references to the
extensive previous work can be found in the recent papers by Thoennessen et al. [116]
and Chen et al. [117].
Structures identi�ed with p-states (and also others) were observed as resonances in

the residue. The extensive work on 10Li has been discussed in [116], see the resonance
information in [115]. For 9He there are two inclusive measurements reporting a resonance
at 1.2 MeV assumed to be the ground state [118{120]. Its relatively narrow width speaks
for an l=1 assignment and led to the suggestion [121] that there is no level inversion in
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Figure 8. Three-dimensional momentum distributions obtained by expanding the initial
state assumed to correspond to a neutron bound in 12Be in continuum eigenstates of the
�nal system. We have chosen an example where the initial nucleus has a substantial
population of l=0,1,2 single-particle orbitals. The calculations use Woods-Saxon wave
functions for both the initial (bound) and the �nal (continuum) states, and the results
are shown as a function of the three-dimensional wave vector k of 9Li+n. The variable
in all calculations is the depth of the potential. It is more transparent, however, to label
the states with l=0 (full drawn lines) by their corresponding scattering length as (in fm)
and the states with l=1,2 by their resonance energies.

this system. The problem is, however, that states with l=0 are more di�cult to detect
and can easily be missed.
Fig. 8 illustrates why the unbound l=0 states present a special problem in \missing

energy" experiments. Unlike the states with l=1,2, they do not exhibit a resonance-
like structure, but start with �nite probability at momentum k = 0 followed by a slow
decrease towards higher energies. The resulting line shape is asymmetric with \energy"
and \width" roughly comparable [116]. In this case, a Breit-Wigner shape is not a good
approximation. The curves in the �gure have been obtained by expanding the bound
single-particle state (assumed to be a neutron in 12Be) in continuum eigenstates of the
�nal system. The wave functions have been calculated for a Woods-Saxon potential with
the radius and di�useness parameters �xed to 1.25 and 0.7 fm. The depth of the potential
in the �nal system was adjusted to reproduce the resonance energy for l=1,2 (dashed and
dot-dashed) and the s-wave scattering length as for l=0 (full drawn). Since the initial state
does not belong to the same function space as the �nal states, there is no orthogonality
requirement.
A general technique for studying unbound systems that has a good sensitivity to s
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Figure 9. Relative fragment-neutron velocity spectra from the breakup of 18O at an energy
of 80 MeV/nucleon. The left panel shows that coincidences with a 6He fragment leads to
the characteristic l=1 distribution corresponding to the 0p3=2 resonance at 450 keV in 7He.
The right panel shows coincidences with 9Li+n. The dominant (dot-dashed) contribution
is s wave calculated here for a scattering length as of -30 fm corresponding to the ground
state of 10Li. The dashed component is the contribution from an assumed l=1 state at 540
keV. The dotted curves in both panels are an estimated background contribution arising
from highly excited intermediate states. (From [116]).

states has been developed by Thoennessen, Galonsky and their collaborators [116,122].
Based on exclusive measurements of fragments and neutrons emerging from reactions in
a light target, it detects the �nal-state interaction of the system of interest. The example
shown in Fig. 9 illustrates how it identi�es the dominant states of 7He and 10Li.
In a recent extension [117] of this work, direct reactions of radioactive projectiles have

been used to populate the continuum states. Selection rules can then be used for linking
the angular momentum of the initial state to that of the �nal state. Instead of 12Be,
as in Fig. 8, it is possible to choose the projectile 11Be, where the valence neutron is
predominantly in the 1s1=2 state. This creates a situation where the single- and double-
proton knockout leading to 10Li and 9He will favor just this neutron orbital. Both reactions
showed a strong �nal-state interaction in the l=0 channel indicating a low-lying s state.
The analysis was based on the sudden approximation. The theoretical distributions were
obtained by expanding the initial bound neutron state similarly to the example shown in
Fig. 8. The analysis for 10Li con�rms the result of [116] of a neutron scattering length as
more negative than �20 fm. For 9He the limit is �10 fm. For the comparison with the
energies of resonances in Figs. 7 and 10 it is convenient [117] to take as an operational
de�nition the relation E = �h2=(2�a2s), where � is the reduced mass. Following Landau
and Lifshitz [123], one arrives at this by noting that for bound states, just below and very
close to the threshold, the eigenenergy is given by exactly the same expression but with
opposite (negative) sign. Consequently, the energy of the virtual state in 9He is less than
0.2 MeV. This is well below the 1.2-MeV resonances previously assumed to represent the
9He ground state and demonstrates that the parity inversion persists beyond 11Be and 10Li.
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exit channel marked KKS [118] and WVO [119,120]. The currently cited ground-state
mass for 9He is based on the resonance near 1.2 MeV.

Fig. 10 shows all data for this system and compares with a shell-model calculation for the
0p-1s0d space based on the WBP and WBT interactions [124,125]. These calculations
assume that the continuum eigenstates may be approximated by discretized bound states
obtained in a calculation based on e�ective interactions.
The excellent agreement between experiment and theory suggests that it is possible to

perform an "autopsy" on the calculation [117] in order to learn the reason for the level
crossing. By restricting the con�guration space to [(0p3=2)

4; 0p1=2] and [(0p3=2)
4; 1s1=2]

for the 1/2� and 1/2+ states, respectively, one obtains the equivalent to performing a
spherical Hartree-Fock calculation (with no pairing). In this approximation, the level
crossing disappears, and the energy of the 1/2+ state is increased by 3.3 to 4.5 MeV in
all N=7 isotones. The result, shown in Fig. 7, demonstrates shows that the lowering of
the state in the full model is a result of pairing and deformation. This contradicts the
notion that intruder states are caused alone by a change in the single-particle energies
with neutron and proton number. In section 4.1, we shall encounter a more developed
pairing wave function, bridging the p and sd shells, for the case of the N=8 nuclide 12Be.
Experiments carried out at the GSI have also found evidence for low-lying s strength

in 10Li, both from the angular distribution in the (11Be,9Li+n) [126] and from a recon-
struction of the invariant mass in the (11Li,9Li+n) reaction [127]. The former experiment
favors a neutron scattering length of the order of -20 fm or more negative. The analysis
of the breakup has been discussed by Bertsch et al., [128] who �nd evidence for strong
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s2 + p2 mixing in 11Li, in good agreement with the discussion in Sect. 2.3.3.
It is clearly interesting to examine the Z=7 isotopes to see if a similar inversion will

appear in 11N, the mirror nucleus of 11Be. In the neighbor 12N, the doublets associated
with the 1

2

+
and 1

2

�
proton states are already close. (The systematics of the level energies

for the corresponding isotones has been shown in Ref. [129].) Several recent papers [130{

132] present evidence that the 1

2

+
is lowest in 11N, approximately 1.3 to 1.6 MeV above

the particle threshold and 0.5-0.8 MeV below the 1

2

�
resonance. According to Sherr [133]

this is in excellent agreement with what should be expected from the systematics of the
Coulomb shifts in the A=11 isospin quartet. The papers cited give references to earlier
work and to some theoretical papers. The experiments o�er instructive examples of the
main techniques for studying continuum states discussed in the beginning of this section.
Azhari et al. [130] used the direct rection 9Be(12N,10C+p)X at 40 MeV/nucleon and re-
constructed the energies of the excited continuum states. The experiment of Oliveira et
al. [131] observed the spectrum of ejectiles in the reaction 10B(14N,13B)11N and obtained
levels using two-body kinematics. Finally, Markenroth et al. [132] measured elastic scat-
tering of a radioactive 10C beam on a proton target and observed resonances in the joint
system. (This is the reaction that is technically impossible in the mirror system.)
The experiments discussed here illustrate that it is possible to identify single-particle

structure in nuclei beyond the neutron drip line or above the particle threshold. The
broad, unspeci�c structures, however, make the experiments di�cult. It is clear that
experiments involving two unbound particles will be even harder, since they have one
more dimension in the coupling than in Fig. 8. Furthermore, the drip-line nuclei will
often have a bound level very close to threshold. This leads to other complications that
a�ect the analysis of experiments. We discuss these e�ects in the following section.

3.2. Threshold and Continuum E�ects in Reactions of Nuclei Near the Drip

Lines

A halo state is situated just below a particle-core threshold, and it is not surprising that
there is an interplay with continuum states with the same quantum numbers existing just
above the threshold. In fact, we may think of the tail developing in the halo wave function
as a gradual approach to the continuum states existing above zero energy, see Fig. 1. This
interplay will manifest itself in reactions in which the halo state is created. In this case
the cross section will show a sharp peak at negative energy and a broad and (usually,
but not necesssarily) weaker "ghost peak" at positive energies. This general phenomenon
has been discussed by Barker and Treacy [134]. A good example is provided by the
reaction 9Be(p,d)8Be, where the 0+ ground state is quasi-bound. Just above the � � �
threshold an asymmetric peak at 0.6 MeV with a "tail" towards higher energies appears in
experiments [135]. The peak, which could tempt an interpretation as a structural e�ect,
can be shown in an R-matrix analysis to be the same state as that which produces the
narrow ground state. A condition for this is that the channel at the threshold has an
appreciable spectroscopic factor with respect to the bound state.
Atomic and x-ray physics and their boundary area to nuclear physics o�er many exam-

ples of processes that change the average electrostatic environment of the atom. Examples
are the production of an inner-shell vacancy in a photoelectric process, in (e,e') scatter-
ing, or in internal conversion. The removal of a unit charge inside the atom modi�es
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the potential in which the other electrons move. Usually the change can be regarded as
instantaneous, so that the sudden approximation is applicable. The new eigenfunctions
are not orthogonal to those of the initial system, and although the overlap still is good,
there is now a certain probability that electrons will be excited. For a single-particle
excitation in a central potential, the possible �nal states are bound and unbound states
having the same angular-momentum quantum numbers. In atomic physics one tradition-
ally refers to "shakeup" when speaking of excitations leading to bound states, and to
"shakeo�" for excitations leading to the continuum. A number of examples, mainly seen
from the viewpoint of atomic physics, are discussed in a book edited by Crasemann [136].
The interplay with the atomic electrons in nuclear reactions is the subject of a review
article by Freedman [137]. The ejected electron can sometimes be observed directly, and
in other cases the vacancies in the �lled shells give rise to "satellite lines" in x-ray and
Auger-electron spectra.
A particularly simple example is nuclear �� decay, which changes the nuclear charge

by one unit. The e�ect on the atomic shell is appreciable: some 20-30% of the atoms
[137] will undergo shaking, almost independently of Z. Beta decay by K-shell capture, on
the other hand, conserves the charge at the atomic center and has much weaker satellite
excitations in the primary process. The atomic excitation spectrum in the beta decay of
tritium has attracted a good deal of interest, see e.g. [138], because of the importance of
this process for measurements of the mass of the electron anti-neutrino.
It is clear that a halo state, which is a kind of "nuclear atom", also must be expected

to show shakeup and shakeo� e�ects. These are caused by nuclear scattering or reactions
involving the core with the loosely bound halo particle present as a spectator. The ex-
citation of the spectator may be viewed as a side e�ect, so to say as collateral damage
accentuated by its weak binding in the initial (or �nal) state. The simplest case, com-
pletely analogous to the shakeo� in beta decay, is a reaction in which a spectator neutron
has the separation energy S1 in the initial state and S2 in the �nal state. Assuming
that the projectile velocity is much greater than the internal velocity of the neutron, the
sudden approximation gives the survival probability of the �nal state

P12 = j
Z
d~r  �1(~r) 2(~r)j2 � 4

p
S1S2

(
p
S1 +

p
S2)2

; (6)

where the right-hand approximation is based on Yukawa wavefunctions and hence is valid
only for s states. An example of this e�ect is provided in the single-neutron knockout
(12Be,11Be) [139], which will be discussed in more detail in section 4. For the reaction to
the l=0 ground state, the approximation given in the right-hand side of equation (6) leads
to a probability of 0.82 while a more accurate Woods-Saxon calculation gives 0.79. For
the p states in the same reaction the value is 0.83. The e�ect is big enough to inuence
the measurements of absolute spectroscopic factors. The missing part of the cross section
should be detectable as a broad continuum in 10Be+n at low energies.
Another class of processes in atoms, solids and nuclei involve excitations and breakup

following the transfer of of momentum. For a two-body system with relative coordinate ~r,
the sudden transfer of a momentum ~q in the new center-of-mass system attaches a phase
exp(i~q �~r) to the wave function. The overlap with the original ground state, called a form
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factor, is

F (~q) =
Z
d~r j 0(~r)j2 exp(i~q � ~r): (7)

The square of this gives the probability that the state is not excited in the process.
The best known example of this phenomenon is the recoilless emission of photons in the
M�ossbauer e�ect, see [140]. In solid-state physics, the probability of not exciting lattice
phonons is referred to as the Debye-Waller factor. There are a number of cases in which
shakeo� following a momentum transfer in nuclear collisions plays a role. Although one
usually does not think of it this way, E1 Coulomb dissociation at intermediate energies
is actually a perfect example. During the brief collision time, the Coulomb impulse ~q
sets up a new state as discussed in connection with equation (7). For small ~q, the main
process is elastic scattering with a small probability of breakup. In this limit, the dipole
approximation is valid. For the case of a well-developed halo in an s state such as 11Be,
we may approximate the initial state by a Yukawa wave function and the �nal state
by plane waves. The resulting distribution of the reduced transition probability is then
approximately [47,141]

dB1n(E1)

dE
/ E3=2

(S1n + E)4
(8)

where E is the kinetic energy of the �nal state and S1n the neutron separation energy.
This formula gives an excellent description of the 11Be case, as can be seen from the
comparison with the experimental data of Nakamura et al. [56] shown in Fig. 11.
It is characteristic that the shape of the spectrum to lowest order does not depend

on the absolute magnitude of the momentum transfer ~q, but only on the the parameter
S1n of the initial state. (The absolute shakeo� probability, however, depends on q2.) A
consequence is that all scattering angles contribute with the same spectrum. This is,
of course, just another way of expressing the sum rule result Eq. (3), which links the
average energy of the �nal states directly to the binding energy of the initial state. In the
words of Esbensen and Bertsch [53], \the dipole operator does not change the momentum
content much". The same distribution will show up in other collision processes in which
the halo neutron is a spectator. One example is the shake-o� peak seen at small angles
in the neutron angular distribution in Fig. 4. Another example is the elastic scattering of
11Be on a carbon target, where the e�ect, in principle, should be observable indirectly as
missing intensity at large angles. According to theory [142], this decrease in d�=d
 can
be traced back to a form factor like the one discussed above.
Equation (8) describes Coulomb excitation or shake-o� from a one-neutron halo system

in an s state and in the absence of �nal-state interactions. Pushkin et al. [141] have used
a three-body model to derive the corresponding expression for the case of a two-neutron
halo dominated by components with hypermomentum K=0 and with �nal states that are
plane waves. They obtain an exact expression in terms of special functions, which to a
good approximation can be simpli�ed to

dB2n(E1)

dE
/ E3

(1:5S2n + E)11=2
; (9)
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Figure 11. Distribution of the reduced E1 transition probability. The points represent the
experiment for 11Be [56]. The full drawn curve is equation (8) calculated for a neutron
separation energy of 0.503 MeV. For convenience, the dashed line shows the corresponding
three-body expression, Eq. (9) given by Pushkin et al. [141], and calculated for a two-
neutron separation energy of 0.30 MeV corresponding to the case of 11Li.

which is in excellent agreement with the experiment on 11Li by Shimoura et al. [57]. The
corresponding distribution is shown in Fig. 11. Again it appears that the same distribution
has been detected in inelastic proton scattering, where a peak was observed [67] at a kinetic
energy of 1.0 MeV (or 1.3 MeV excitation energy measured from the 11Li ground state).
An interpretation in terms of shakeo� [68] can account for the absolute cross section, the
angular distribution and the fact that the same spectrum appears at all angles. It is, of
course, perfectly possible that the observed broad distribution has contributions that go
beyond this simple picture and also that other mechanisms contribute.
A di�erent case is presented by the two-neutron halo of 6He, which has the neutrons

in p states and is considerably more bound than 11Li. A number of di�erent reactions
producing 4He+2n as a �nal state, see e.g. [143,144], all show a broad distribution with
a peak at low excitation energy and a tail toward higher energies. In addition, the well-
known 2+ resonance shows up in as a sharp peak below the continuum. The \background"
peak in invariant-mass spectra has been investigated by Forssen et al. [145]. Using a
three-body model dominated by hypermomentum K = 2, they reproduce the shape of
the asymmetric peak quite well. This peak, in their words, is nothing but a reection of
the 6He ground state, and it closely resembles what is obtained in an estimate of shakeo�.

3.3. General remarks on the spectroscopy of unbound nuclei

The upshot of this section is then, as discussed in section 3.1, that it is sometimes pos-
sible to observe features of nuclear structure in regions of the nuclear chart where there
are no nuclei, properly speaking. The proton radioactivities are a poster example of this.
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More tenuous, but still possible, is the identi�cation of scattering parameters correspond-
ing to single-particle motion of an unbound neutron. Such information may be essential
for understanding two-neutron halos such as in 11Li, 14Be, and, with time, in heavier
nuclei. On the other hand, it is important to be aware that the broad continuum struc-
tures of very neutron-rich systems are treacherous ground. Other mechanisms discussed
in section 3.2 enter, and it may become di�cult to decide from simple arguments whether
a given continuum distribution, especially at low energy, is cha� from the reaction or a
clue to the structure.
We have shown examples where a low-energy peak is just the reection of a sub-

threshold bound state. In such cases, low-momentum continuum components are gen-
erated that are very similar those present in the bound state. It appears that this holds,
irrespective of whether they are produced in an excitation of the state at threshold or
produced in some other reaction where the state is not present initially. The broad peaks
in Coulomb excitation, given theoretically by the approximations (8) and (9), emerge in a
model with no structure in the �nal states, which are represented just by by plane waves.
The problems must be exacerbated in three-body systems, where the behavior of the

three-body continuum is far from being simple, see [146]. Taking the example of the
continuum above the two-neutron threshold in 11Li, it is probably too simplistic to in-
terpret it either as due to shakeo� or as an excited state with spin and parity 1�. Both
interpretations are actually be built on the same basic ingredients, which are the contin-
uum single-particle states with l = 0; 1 in 9Li+n. Closer scrutiny of the ghost state will
almost certainly reect �ner details carrying information on the interactions in the exit
channel. The fundamental question is more whether the structural information that can
be gathered in this way is worth the e�ort.
The problem of identifying states and measuring energies in unbound systems is, how-

ever, more than just a di�cult exercise in nuclear spectroscopy. Measured total binding
energies of nuclear states serve as an important check on the validity of very basic theo-
retical calculations. The advanced many-body theory of shell structure is currently able
to handle nuclei in the region near mass 10, see [147,148], and the experimental masses
serve as benchmarks. As an example, consider three experiments, based on quite di�er-
ent techniques, that have reported the observation of the lowest state of 10He, unbound
towards 8He+2n. In proton stripping on 11Li, Korsheninnikov et al. [149] found a peak
at 1:2 � 0:3 MeV by reconstructing the excitation energy of the three �nal products.
Another experiment [150] measured the reaction 10Be(14C,14O)10He assumed to represent
two-body kinematics and found a peak with marginal statistics at an energy above thresh-
old of 1:07 � 0:07 MeV. A third experiment based on a (p,2p) reaction [151] found an
energy of 1:7�0:4 MeV. However, the energy of about 1.1 MeV is also roughly the energy
that the momenta of 8He and the two spectator neutrons would add up to, were we deal-
ing with an initial-state e�ect. The experiments are behind the ground-state mass cited
for 10He in the latest mass evaluation [152], but further evidence for the true resonance
character of this state is desirable. (See also the discussion of 9He in Fig. 10.)
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4. SPECTROSCOPYOF BOUND STATES BY SINGLE-NUCLEONKNOCK-

OUT REACTIONS

The single-nucleon transfer reactions observed with high resolution at beam energies
typical of early cyclotrons and van de Graaf accelerators were of great importance for
developing our understanding of nuclear structure. They directly identi�ed l values and
single-particle occupancies of the nuclear wave function [153{155]. Typical examples are
the stripping and pickup reactions, (d,p) and (p,d), respectively, but many other reactions
have been used including two-particle transfers. It is possible to extend this method to
radioactive beams, see the recent work on the p(11Be,10Be)d reaction at 35 MeV/nucleon
studied by Fortier et al. [156,157] and the d(56Ni,57Ni)p reaction studied by Rehm et al.
[158]. There is also an interest in applying transfer reactions for investigating structure
in the continuum, a problem closely related to the discussion in Sect. 3.1. In a new
experiment, Korsheninnikov et al. [159] have used the reaction p(8He,7He)d for observing
an excited state at 2.9 MeV in the unbound residue 7He.
In the following we discuss a new technique, based on in-ight separated beams from

fragmentation reactions, typically at energies above 50 MeV/nucleon. In this method the
projectile residues from single-nucleon removal are observed in inverse kinematics with
a high-resolution spectrograph. The �nal states of the heavy residues are identi�ed by
their gamma decay. This method has, so far, been applied to the projectiles 26;27;28P
[16], 11Be [46], 12Be [139], 14B [160] and 15;16;17;19C [161,162]. The partial removal cross
section determines the spectroscopic factor while the shape of the longitudinal momentum
distribution determines the orbital angular momentum l. A few examples from this work
are given below. We refer to this process as a knockout reaction2 to emphasize the
relationship to the classical (p,2p) reactions, see [164], in which the recoil momentum of
the heavy residue was reconstructed from the momenta of the two outgoing protons. In
inverse kinematics, the momentum of the residue is observed directly.

4.1. Theory and Experimental Results

It was pointed out early by Sagawa and Yazaki [165] that the observed inclusive momen-
tum distribution of residues from the (11Be,10Be) reaction on a light target will contain
broad contributions from core knockouts leading to bound excited levels in 10Be. For this
it is necessary that the halo neutron will remain attached to the residue. Estimates show
that the shakeo� probability is low (less than 10%), see [166]. The core contributions,
which amount to 22% have recently been observed experimentally [46] by a gamma-ray
coincidence technique. By observing neutron-fragment coincidences it should, in principle,
be possible to extend this method to excited continuum states in experiments resembling
those discussed in Sect. 3.1.
In a parallel theoretical development it has turned out that the methods based on

Glauber theory developed for halo states, see section 2.3, have a wider applicability. Over
the past couple of years, a number of experiments involving both halo and more bound

2Another term appropriate for an essentially instantaneous nucleon removal process would be "stripping",
coined by Serber in 1947 to describe the nuclear breakup of 190 MeV deuterons [163]. (It implicitly refers
to a procedure in weapons technology.) However, this word with time has come to be used instead
for transfer processes. In the present paper, we occasionally use it in the original meaning such as in
connection with equation (5).
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Figure 12. Momentum distributions for the 9Be(27P,26Si)X reaction to the ground state
(large circles) and all excited states (small circles). The corresponding theoretical curves
in arbitrary normalization are calculated in the eikonal theory. The full-drawn line cor-
responds to l=0 and the dashed one to l=2. (From [16].)

"normal" states have been carried out. For the analysis of these experiments it is assumed
[83] that the partial cross section �th(I

�) for populating a given �nal state I� of the residue
can be written

�th(I
�) =

X
j

C2S(I�; nlj)�sp(Sn; nlj); (10)

where C2S is the spectroscopic factor for removal of a nucleon with given single-particle
quantum numbers (nlj). This quantity has been taken from many-body shell-model
calculations by Brown and his collaborators [124,125,167], and it expresses the parentage
of the initial state with respect to a speci�c �nal state. The sum in Eq. (10) is taken over
all con�gurations which have a nonvanishing parentage. The �sp are the single-particle
removal cross sections, which are strongly dependent on the orbital angular momentum l
and the nucleon separation energy Sn. The calculation of these quantities in an extension
of Glauber theory has been discussed by Tostevin in [83,90], and the basic expressions
were given in equations (4) and (5).
As an example, we take a study of the proton-rich isotopes of phosphorus [16] which,

as discussed in section 2.1, are interesting candidates for ground-state proton halos [15].
The isotopes 26;27;28P are expected to have a dominant contribution of the 1s1=2 proton
orbital, and their proton separation energies of 0:14�0:20, 0:897�0:035 and 2:066�0:004
MeV, respectively, are low. The results [16] for the case of 27P are shown in Fig. 12. The
low counting statistics for the gamma spectrum made it necessary to resort to a gamma-
ray tagging technique which divides the fragment data into two sets corresponding to
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coincidences and anti-coincidences with gamma rays. This requires knowledge of the
average detection e�ciency, 54 � 5%, estimated from the theoretical level scheme. The
spectra also had evidence for a structureless continuum distribution with an intensity of
10� 5% above 0.25 MeV integral bias. This is attributed to neutrons, charged particles
and  rays produced in the target and to their secondary interactions with construction
materials and the scintillator. (Later work [139,161] has given more accurate estimates
of this component but con�rms the analysis in [16].) The measured gamma branching
ratio of 30� 10% to the ground state corresponds to a partial cross section of 22� 8 mb,
which translates into a 1s1=2 spectroscopic factor of 0.46 in excellent agreement with the
theoretical spectroscopic factor obtained in the shell-model calculation. From the �gure it
is clear that the cross section to the 26Si ground state is l=0 thus proving that the ground
state of 27P has spin and parity 1=2+. The �gure also shows that the cross sections to the
26Si excited levels are predominantly l=2 in agreement with theory. Similar results were
found for other light phosphorus isotopes.
On theoretical grounds, and backed by some experimental evidence, it is assumed [168]

that neutron-rich nuclei near the drip line may show a shifting and even vanishing of the
magic shell gaps. We use as our second example an experiment by Navin et al. [139]
bearing on this question. In the case of the N=8 nucleus 12Be, indirect evidence, based
on analogue displacement energies and reaction data, had long ago made Barker [169]
suggest that intruder states would play an important role. This was also found in the
recent analysis by Sherr and Fortune [170], but contrasts with the properties of the even-
even neighbor with 8 neutrons, 14C, which is very magic. The experiment [139] provided
a direct measurement of the composition of the wave function in the knockout reaction
9Be(12Be,11Be)X leading to the ground state and (only) excited state, see Fig. 1. For an
N=8 closed neutron shell the spectroscopic factor to the excited level should be close to
2 corresponding to a �lled 0p2

1=2 level.
Although the gamma spectrum showed a strong 320 keV gamma ray, the corresponding

absolute cross section was only one quarter of that expected for a closed shell. The
spectroscopic factor is 0:45 � 0:07 after correction for an imperfect overlap of the type
discussed in connection with equation (7). The error is purely experimental. Subtraction
of the gamma-coincident part from the inclusive cross section shows that approximately
two thirds of the cross section goes to the 1=2+ ground state corresponding to a very
similar spectroscopic factor, 0:53� 0:07. The missing spectroscopic factor relative to the
simple sum rule (that would give about two) must come from the 0d5=2 state, which is
unbound and therefore could not be observed. This experiment is a direct demonstration
of the breakdown of the N=8 shell closure and shows a pairing-type wave function with
comparable s2 + p2 + d2 components characteristic of a deformed nucleus. The deformed
character of 12Be �nds support in two recent experiments by Iwasaki et al. [171], who �nd
that inelastic proton scattering indicates a strong quadrupole deformation of the neutrons
and also, with a heavy target, a strong E1 excitation to a 1� level at only 2.68 MeV and
with a B(E1)=0.05 e2fm2, see the similar example in Fig. 1. The 12Be experiment raises
the question whether the neutron halo of the N=8 neighbor, 11Li, also has a signi�cant
0d5=2 component. This was not considered in the analysis used in Ref. [108].
The case of 17C, taken from an extensive series of experiments on the neutron-rich

isotopes of carbon by Maddalena et al. [161] provides a good example of what can be
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Figure 13. Doppler-corrected -ray spectrum measured in 9Be(17C, 16C+)X. The full-
drawn curve is a �t to the spectrum with the individual  components shown as dashed
lines. The peak at 1.77 MeV shows that about half of the cross section goes to the �rst-
excited 2+ level. The inset shows the parallel momentum distribution of the projectile
residues feeding the 1.77 MeV level directly. The �t requires a superposition of l=0
(dashed) and l=2 (dot-dashed) contributions. (From [161])

achieved with the knockout technique. Key data from this experiment are shown in
Fig. 13. A detailed analysis, which we omit here, provides a �rm 3

2

+
assignment for the

17C ground state, which is interesting for being based essentially on the the wave function
of the 2+ excited level at 1.77 MeV in 16C [172] . The strong gamma ray in Fig. 13 shows
that this level receives about half of the cross section. Two main components in the wave
function of the 3

2

+
ground state are revealed in the parallel-momentum distribution shown

in the inset of Fig. 13. The main one is 0d5=2 
 [0d2
5=2]2+ which gives l = 2 knockout. A

smaller admixture of 1s1=2 
 [0d2
5=2]2+ gives the l = 0 component. The theoretical cross

sections calculated from equation (10) of 12 and 53 mb for l=0,2, respectively, agree
very well with the experimental values of 16 � 7 and 44 � 11 mb. This is a a striking
demonstration of the possibilities of the knockout method and of the power of shell-model
theory in the region of the p{sd shells.
It will be interesting to see this method extended beyond the p � sd shells to heavier

nuclei and, in particular, to those with a large neutron excess. This will become possible
with the radioactive-beam facilities that are now being prepared. It is almost certain that
better experiments will reveal new features of the method as well as a need for re�nements.
Some early examples of this have been mentioned above. One open question is how the
method will apply to nuclei with strong permanent deformations. A �rst case [16] of



28

7.8 7.9 8 8.1 8.2
24Mg Parallel Momentum [GeV/c]

0

2000

4000

6000

8000

10000

dσ
/d

p z
  (

ar
b.

 u
ni

ts
)

9Be(25Al,24Mg)X
     65 MeV/u

Figure 14. Longitudinal momentum distributions in the knockout reaction (25Al,24Mg).
The points are the experimental inclusive data taken at 65 MeV/nucleon [16]. The cal-
culation for a spherical l=2 state (dashed) in [16] gives a poor description of the shape.
The theory (full drawn) of Sakharuk and Zelevinsky [173] calculates the spectra to the

ground-state rotational band in the Nilsson model assuming a 5

2

+
[202] ground state of

25Al. It succeeds in accounting for the characteristic "shoulders", which it is tempting to
view as reecting the transverse and longitudinal components of the particle momentum
in the deformed �eld.

a reaction connecting two deformed nuclei is (25Al,24Mg), see the inclusive momentum
distribution shown in Fig. 14. Sakharuk and Zelevinsky [173] investigated this general
problem applying the Nilsson model for calculating the knockout of a (deeply bound)
proton to the 0; 2; 4+ members of the ground state rotational band. They found very
di�erent shapes of the distribution for the three components as well as a characteristic
intensity pattern. It is very likely that reactions of deformed projectiles will o�er a rich
source of speci�c information resembling the \�ngerprints" seen in transfer reactions at
low energy on rare-earth nuclei [153].

4.2. How accurate are the knockout reactions as a spectroscopic tool?

The results obtained by the knockout method are, so far, very promising. However,
there is no reason to expect exact agreement between experiment and equation (10),
which is a heuristic link between two unconnected theories. In order to test this relation
experimentally, we de�ne a scale factor F as the ratio between the experimental and the
theoretical cross section. The scatter in F is then a test of the overall validity of this
approach, while the average of F conveys information about possible empirical renormal-
izations. This would be analogous to the e�ective charges and e�ective coupling constants
discussed for the sd shell by Brown and Wildenthal [124].
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tions at approximately 60 MeV/nucleon leading to individual �nal levels in the nuclei
25;26;26Si, 10;11Be, 13B, and 14;15;16;18C [16,83,46,160,139,161]. Circles, triangles and squares
correspond to l=0,1,2, respectively. The dashed line corresponds to F=1.

The nuclear-structure part of the theory has been eminently successful for nuclei up to
mass 40, and we have much con�dence in its predictions. Still, it is useful to recall that
it is in some way a caricature of a real nucleus. It de�nes the spectroscopic factors in a
severely truncated Hilbert space with nucleons assumed to be the fundamental building
blocks. These are subject to e�ective interactions with strengths chosen to compensate
for the neglected degrees of freedom. The reaction theory is less well proven experimen-
tally. It starts from a picture of quasi-free nucleons, generally believed to be valid at
considerably higher energies, and with key input parameters taken to be nucleon den-
sities and (free) nucleon-nucleon scattering cross sections. Tostevin [83,90,162,174] has
performed calculations based on other reaction models and has provided a substantial
theoretical underpinning of the theoretical single-particle cross sections, which may be
accurate to �20%. All results cited here are based on common, pre-existing parameter
sets and individual adjustments have been avoided.
Two sets of data are, at the present time, available for comparisons. The experiments

discussed in section 4.1 have measured l values and spectroscopic factors for 24 individual
partial cross sections for proton and neutron removal reactions in the p and sd shells.
The comparison of experimental and theoretical spectroscopic factors given in Fig. 15
suggests an good overall agreement. Leaving out 5 cases with theoretical spectroscopic
factors smaller than 0.4, we calculate the average scale factor hF i separately for each l
value. For the nine l=0 partial cross sections we obtain hF0i = 0:99 � 0:07 with a �2

per degree of freedom of 1.1. Seven cases with l=1 give hF1i = 0:61 � 0:10 where the
(compound) experimental error has been scaled with the square root of the �2 per degree
of freedom of 3.4. Finally, three l=2 partial cross sections give hF2i = 1:1 � 0:3 with a
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Figure 16. Measured (solid points) and calculated (open points) inclusive one-neutron
removal cross sections measured at a constant magnetic rigidity setting corresponding to
energies of 43-71 MeV/nucleon. (From Sauvan et al. [175])

a �2 per degree of freedom of 1.6. The low value for l=1 may reect contributions from
high-lying 0�; 1� levels situated close to the neutron threshold in even-even nuclei.
A second test comes from a recent experiment carried out at GANIL by Sauvan et al.

[175]. It used a \cocktail" beam containing a mixture of the nuclides 15B, 17C, 19�21N,
21;23O, and 23�25F. One exposure at a �xed setting of the magnetic �eld of the spectrometer
allowed the measurement of the inclusive one-neutron removal cross sections for 22 nuclei
at energies ranging from 43{71 MeV/nucleon. The results, representing the sum of the
cross sections inside the energy window, are given in Fig. 16. They are compared with
theoretical cross sections based on the same approach as in section 4.1 and Fig. 15.
The shell-model used the WBP interaction [125]. The reaction calculation was based
on [83] and although the S-matrices were constructed in a di�erent way, the end results
should be quite similar to those of Fig. 15. The question as to exactly which �nal states
are inside the energy window leads to some systematic uncertainty. Still, the agreement
between theory and experiment is very good. The weighted average of the scale factor is
hF i = 0:92� 0:04, where the experimental error has been increased by the square root of
the �2 per degree of freedom of 3.4.
At the present point in time, the majority of the data favor a scale factor close to unity.
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We must, of course, still be prepared to encounter major discrepancies in cases where the
fundamental assumptions fail. This can happen if the dominant mechanism is not a direct
reaction. The analysis of the 11Be experiment [46] introduced small corrections for the
competition from collective excitations caused by Coulomb and nuclear interactions. Two-
step interactions must also play a role in certain reactions and small cross sections are, as
always, suspect. There are also open experimental questions, especially for more deeply
bound states, for which the cross section for di�raction dissociation, see Eq. (4), still needs
to be tested esperimentally. Nuclei nearer stability also have more complex spectra, and
since the cross sections emerge from an input-output balance of -ray intensities, any
substantial missed intensity can lead to systematic errors. Fortunately, this problem is
smaller near the neutron drip line, where the nuclei have just a few bound levels.

5. CONCLUDING REMARKS

This paper has examined the nature of nuclei near the drip lines. This has been done
under three main headings. In section 2 we have considered bound states existing just
below the particle threshold, the nuclear halo states. In this area, the qualitative insight
that characterized the early work is now being replaced by a more precise understanding.
One speci�c example is Fig. 3, which provides the �rst "clean" parallel-momentum dis-
tribution from nuclear halo dissociation and has stimulated a necessary re�nement of the
theory. A second example is the study of correlation e�ects in the two-neutron halo of
11Li, where the superior techniques illustrated in Figs. 5 and 6 o�er a more direct handle
on the s2+p2 mixing. Another precision experiment on 12Be, see section 4.1, now poses
the question whether 11Li also could have a very mixed shell structure, involving p2, s2

and d2 components with comparable weights.
Secondly, we have in section 3 considered the energy region just above the particle

threshold. Continuum spectroscopy on light nuclei is di�cult to perform and to inter-
pret, but it is sometimes necessary. An example of this is the search for the strength of
the s{wave coupling in the di�cult 9Li+n channel, see section 3.1. This coupling is an
essential element in understanding 11Li, see Fig. 9. We also point out that just above a
particle threshold one will encounter other continuum features arising from mechanisms
that do not have a simple bearing on nuclear structure. They compete with real structural
phenomena in a way that it is not always easy to sort out. The whole question of what is
a virtual state or a resonance and how one interprets continuum structure is complicated.
The third and maybe most essential part of this paper, section 4, deals with single-

nucleon removal reactions at intermediate beam energies. As a spectroscopic tool they
show promise of becoming an interesting precision complement to the classical pickup
reactions at low energies. Their strength is an extremely high sensitivity, originating in a
combination of high reaction probability (thick targets) with inverse kinematics (strong
forward focusing). A recent experiment [161] on 19C determined the ground-state mass, j
value and spectroscopic factor with an incident 19C beam of less than an atom per second.
This technique may develop into one of the main tools in nuclear structure research with
radioactive beams in the coming years.
The authors are indebted to B. Alex Brown and Vladimir Zelevinsky for helpful com-

ments.
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