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ABSTRACT

Besides the mere tracking of individual particles through an accelerator lattice, it
is often helpful to study the corresponding phase space map relating initial and final
coordinates. Recent years have seen an advance in the ability to compute high-order
maps for rather complex systems including accelerator lattices. Besides providing in-
sight, the maps allow treatment of the lattice without approximations, allowing thick
elements, fringe-field effects and even radiation, which is often prohibitive in the case
cf pure tracking. At the core of the computation of maps for realistic systems are the
cifferential algebraic (DA) techniques.

Besides the computation of maps, the DA methods have recently proven useful for the
oomputation  of many properties of the maps in a rather direct way. In particular, these
properties include parameter tune shifts, amplitude tune shifts, and pseudo invariants.
?he methods presented here do not rely on Lie algebraic methods and are noticeably
more direct and in many cases  more efficient. Not relying on canonical techniques, they
are also applicable to non-symplectic  systems and allow a study of damping phenomena
i 1 repetitive systems.

1 INTRODUCTION

Beam physics systems can be represented by a map relating final phase-space coor-
inates z> to initial coordinates Z;: and system parameters s’in the following way:

Zf = M&J).

ositions and momenta, and can contain other quantities like the spin. The system
ammeters can include certain multipole strengths and, in the two-dimensional case,

t
arameters  is somewhat arbitrary; we consider any quantity of interest a parameter if

i

Depending on the problem, the phase-space variables can be sets of two or three

e energy deviation of the particle. Note that the distinction between variables and

i stays constant throughout the system.
The transfer map is the (unique) flow of certain differential equations describing the

e olution of the variables:



The first partial derivatives of the transfer map (1) with respect to the phase-space
s constitute the so-called transfer matrix. The higher partial derivatives are

alled nonlinearities or aberrations, and the ones involving system parameters are called
sitivities. In this view, the task of beam physics is to find the aberration coefficients

d sensitivities to a certain order, and to try to modify them in such a way that the
p has certain desirable properties.
Transfer maps are infinitely-often differentiable functions in several variables, and so
the equations of motion determining them, and the fields and potentials that affect

e motion. The class of infinitely-often differentiable functions in u variables is usually

sense, deriving statements about beam physics systems strictly
g means manipulating such functions. For example, the derivation of analytic

as for the aberrations [l,  21  of a certain element is a formal algorithm involving
ions on these functions. Unfortunately, the operations required in this process

to become tremendously complex, and only relatively low orders were accessible
th human endurance levels; Refs. 3 to 12 represent just a few of the relevant papers.
The last years have seen a steady growth of non-numerical computer applications,

d formula manipulators are getting better and better. They are very helpful in an-
ering important questions that would take much longer, or be simply impossible, to
swer  with paper and pencil. Unfortunately, for many applications in beam physics,

he commercial formula manipulators are still not satisfactory.
It took a special purpose formula manipulator written in FORTRAN [2,13]  to obtain

sed formulas for the aberrations of regular beamline  elements to fifth order. Higher
ers seem impossible to achieve with this technique because of the enormous growth
complexity for the analytical formulas describing the aberrations. The FORTRAN
e for certain elements in the program COSY 5.0 [14,  151 that was generated by this

preach exceeds 30,000 lines, and still provides no explicit formulas for the sensitivities.
By looking at the analytical algorithms to determine aberrations, we recognize an

portant  pattern: to determine the map to a certain order, it suffices to know the fields
same order, know the differential equations to the same  order, etc. The higher

, both of the transfer map and of all the intermediate functions, are irrelevant. It
s out that it is a rigorous understanding and studying of the algebraic implications

this phenomenon that eventually will allow us to determine the desired transfer maps
a way that is analytic enough to be accurate and fast, yet numerical enough to be

usable  in practice.
































































